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Chapter 1

Introduction

Iterated Function Systems (IFS) on the line consist of finitely many strictly
contracting self-mappings of R. It was proved by Hutchinson [13]| that for
every IFS F = {f;},—, there is a unique non-empty compact set A7 which
is called the attractor of the IFS F and defined by

A = fuld). (1.1)

It is easy to see that for every IFS F there exists a unique "smallest"
non-empty compact interval I7 which is sent into itself by all the mappings
of F:

17 = m{J : J C R compact interval with fi.(J) C J, Vk € [m]}, (1.2)

where [m| := {1,...,m}. To guarantee that I is a non-degenerate interval,
when the attractor of F is a single point we set

1 1
I:=|p— = -

oo oel]
where ¢ is the common fixed point of the functions fi,..., f,.. It is easy to
see that -

M= U .. (1.3)

n=1 (i1,...,in)E[mM]"
where I, := f;, ;.(I”) are the cylinder intervals, and we use the com-
mon shorthand notation f;, ; = fi,0---of; foran (iy,...,4,) € [m]". The

following three one-dimensional [F'S families appear on Figure [1.1

(a) Self-similar IFS: F = {f;(z) = p;x + t;},—,, where p; € (—1,1) \ {0}
and t; € R.



(b) Hyperbolic IFS: F = {f1,..., fm}, where each f : J — Jis a C'*¢(J)
contracting self-mapping of a non-empty open interval J C R. These
iterated function systems are also often called self-conformal IFSs on
the line.

(c) Continuous Piecewise Linear Iterated Function Systems:
These are IFSs of the form F = {fi,..., fi}, where f : R — R
are continuous, piecewise linear (more precisely affine) contractions,
not necessarily injective, with nonzero slopes that can be dissected
to finitely many affine functions. We will often use the abbreviation

CPLIFS.
Self-similar IFS Hyperbolic IFS CPLIFS

Figure 1.1

We note that the interval I7 introduced in (1.2)) is the convex hull of the
attractor in the first two cases, but not necessarily for non-injective CPLIFSs.
The t-dimensional Hausdorff measure of a Borel set A C R is

H!(A) :=su {mf{Zm It AcUA,, |A|<5}} (1.4)

0> i=1 i=1

Let F be an arbitrary IF'S on the line. We can give a natural upper bound on
”Ht(Af ) if we substitute the covering system made of the cylinder intervals
{ i Zn} (ir. i)l in the place of the most efficient cover in (|1.4)), just like
in (1.3). For this particular system the right hand side of is related to

the sequence of sums {S.}

She= Y 7L

(i1...in) €M™

Namely, if the exponential growth rate of {S.} | is negative (positive), then
it suggests that H'(A”) is equal to zero (infinity). Therefore the minimum of

4



the dimension of the ambient space and the value of the exponent ¢ for which
this exponential growth rate is zero is a good natural guess for the Hausdorff
dimension of A*. This motivates the introduction of the exponential growth
rate 1
Fla) — T F
O’ (s) == hmsupglog Z FE (1.5)

n—00 S
i1...0n

It is easy to see that we can obtain ®’(s) above as a special case of the
non-additive upper capacity topological pressure introduced by Barreira in
[4, p. 5]. According to [4, Theorem 1.9], the zero of &7 (s) is well defined

sr = (0F)71(0).

Barreira considered generalized Moran constructions [4, Section 2.1.2].
Condition (b) of such a construction requires that the cylinder intervals
{Ifln} are sufficiently well separated. This separation assumption does
not hold for the constructions considered in this paper, thus not all of his
results apply. In the last inequality of [4, Theorem 2.1 part (a)| Barreira
proves that the upper box dimension of A7 is less than or equal to the root
of the non-additive upper capacity topological pressure. It is easy to see that
its proof does not require any separation conditions on the cylinder intervals.
That is

Corollary 1.0.1 (Barreira). For any IFS F on the line
dimBAf < SF.
For a given IFS F on the line we name sz the natural dimension of
the system. It is easy to see that in the self-simiar case sz is the solution

of the equation
m
Dol =1
k=1

We call sz the similarity dimension in this case. If F is a hyperbolic system,
then sz is the root of the so-called pressure formula (see [21]). In both cases
the Open Set Condition (OSC) implies that

dimyg A” = min {s7,1}. (1.6)

The cylinder intervals of the attractor of a system that satisfies the OSC
are well separated (see [8, p. 35]). However, less strict separation conditions
might lead to the same result. In the self-similar case the celebrated Hochman
Theorem [9, Theorem 1.1] yields that also follows from the Exponential
Separation Condition (ESC).



1.1 Continuous Piecewise Linear IFSs

The IFSs we consider in this thesis are consisting of piecewise linear (more
precisely affine) functions. Thus their derivatives might change at some
points, but they are linear over given intervals of R. We always assume
that the functions are continuous, piecewise linear, strongly contracting with
non-zero slopes, and that the slopes can only change at finitely many points.
This setup enables us to investigate the case of non-injective functions as
well, which is not achievable with either hyperbolic or self-similar systems.

For a special case of CPLIFSs, one may obtain results on the dimension
of the attractor using the theory of F. Hofbauer [12] and P. Raith [24]. In
particular, a family of CPLIFSs satisfying the one dimensional version of the
rectangular open set condition.

Definition 1.1.1. We say that a CPLIFS F = { fi.}}, satisfies the Interval
Open Set Condition (I0SC) if the first cylinder intervals {I7 }7, are
pairwise disjoint.

Take a CPLIFS F = { fx }7", of injective functions that satisfies the IOSC.
Each f; function can be considered as the local inverse over I{ of a strictly
expanding map on R. Therefore, the Hausdorff dimension of the attractor
of such systems is equal to the root of a topological pressure function [24].
Further, according to [12], for this special CPLIFS family the Hausdorff and
the box dimensions of the attractor are also equal. We will introduce the
topological pressure function that Raith and Hofbauer used, and show how
it relates to the natural pressure function in Section

In general, when we have no information about the possible overlapping
of the cylinders, we can only claim that holds in some sense typically.
Instead of a particular IFS, it is natural to consider its so-called translation
family.

Definition 1.1.2. For every T = (11,...,Tm) € R™ we define the translation
famaly of F by

{F }regm » where FT={fl,..., fm}
and fT(x) ;= fr(x) + 711 for a k € [m]. Moreover, for ani= (iy,...,i,) € ¥*

we define the function

fi(w) = fi oo fi (2).

The classical results [6], [7] and [26] about translation families of some
IFSs read like this: For typical (in some sense) translations 7, the Hausdorff
dimension of the translated attractor AT is equal to its natural dimension.



Here the sense of typicality depends on the family of the IF'S considered. For
example, for hyperbolic IFS on the line the typicality above means "typical
with respect to the m-dimensional Lebesgue measure" [26] (at least in the
case when all contractions are less than ). In this case we say that the
Hausdorff dimension and the natural dimension coincide for Lebesgue typ-
ical translations. On the other hand, Hochman [I0] proved a much stronger
theorem for the translation family of self-similar IFSs that we call Multi
Parameter Hochman Theorem (see Theorem [2.3.6). This theorem im-
plies that the exceptional set of translations 7 for which the ESC does not
hold for F7 (and consequently dimy A7 is different from the similarity dimen-
sion), has packing dimension (and in this way also Hausdorff dimension) less
than or equal to m—1. Remember that the dimension of the parameter space
was equal to m. Motivated by this, we introduce the following terminology

related to more general IFS families on the line:

Terminology: Let {]—"’\}AeU be a family of IFSs on the line where the

parameter set U is an open subset of R? for some d > 1. We say that a
property ‘B, which makes sense for all elements of this family, holds dimp-
typically if the exceptional set E of those parameters A € U for which P
does not hold satisfies dimp £ < d. That is the packing dimension of the
exceptional set ¥ C U is strictly smaller than the dimension of the parameter
space U.

1.2 Structure of the Thesis

The aim of this dissertation is to summarize the theory of continuous piece-
wise linear iterated function systems on the line. We outline here the struc-
ture of the thesis and all the new results presented in the upcoming sections.

After the introduction, we rigorously describe the parameter space of
continuous piecewise linear iterated function systems and the notion of pack-
ing dimension-typicality. In the same chapter, we also show the connection
between our natural pressure function and the topological pressure function
of the thermodynamical formalism of smooth dynamical systems which is
often used to calculate the Hausdorff dimension of the underlying attractor.

In the proofs of our results, we apply theorems from the field of self-simlar
and self-similar graph-directed iterated function systems. These theorems are
listed in Section 2.3l

After the preliminaries, we first turn our attention to the special case of
small CPLIFSs. We call a CPLIFS F = { fi}xepm) small if the slopes of its
functions are all bounded from above by certain small constants (see Defini-
tion . If the piecewise linear functions f; do not change their slopes on
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the attractor of F, we say that the CPLIFS is regular (see Definition [3.0.2)).
We will show that the attractor of a regular IF'S can be described using an
appropriately defined self-similar graph-directed IF'S.

In Chapter 3| we give our main result on small CPLIFSs (Theorem [3.2.1).
Our aim is to prove that dimp-typically

F is small = F is regular, & F is regular = dimpg A = sz.

These implications are addressed in Theorem and Proposition [3.2.3]
respectively. To verify them, we will prove some simple properties of regular
CPLIFSs (see Lemma and Lemma [3.2.6)).

In Chapter (4] the general case is discussed. Here we prove that the fractal
dimensions of the attractor of a CPLIFS are typically equal to the minimum
of 1 and the natural dimension (Theorem [4.0.1]).

To investigate the dynamical structure of our attractors, we introduce
Markov diagrams for continuous piecewise linear iterated function systems.
As Lemma, suggests, these diagrams are directly connected to the nat-
ural pressure function. That is, we can approximate the natural dimension
of our IFS by constructing a series of subsystems (Lemma [4.2.1)). We close
this chapter with a case analysis proving that this approximation method
applies for a packing dimension typical CPLIFS (Proposition [4.3.1)).

Let 1 be a Borel probability measure on R. The Hausdorff dimension of
i is defined as

dimy g := inf {dimy £ : u(E) > 0}.

By definition, the Hausdorff dimension of the underlying attractor dimy A
is always bigger or equal to the Hausdorff dimension of a Borel measure
supported on A. If our CPLIFS is regular, we can always find an invariant
ergodic measure of full Hausdorff dimension. We detail how to obtain this
measure in Section While the construction we give does not apply
to a general CPLIFS, we show in Section that the supremum of the
Hausdorff dimension of invariant ergodic measures supported on the attractor
is typically dimg A.

dimyg A = sup{dimy p : p is ergodic and invariant, supp(p) C A}, (1.7)

In general, (L.7) may not hold. Das and Simmons [5] proved that there
are iterated function systems, where all invariant measures have Hausdorff
dimension bounded away from the Hausdorff dimension of the attractor.
One can always represent a regular CPLIFS as a self-similar graph-directed
iterated function system. Chapter 5| discusses the special case of non-regular
CPLIFSs that has a self-similar graph-directed representation. We construct



the directed graphs and give a recursive formula for the natural dimension of
the attractor assuming that the piecewise linear functions can only change
slopes at their fixed points.

The last chapter is dedicated to continuity results. We show that the nat-
ural dimension is always continuous with respect to the defining parameters
of a CPLIFS under a really weak separation condition (Theorem [6.0.3). As
an application of this result, we prove that the attractor of a CPLIFS with
positive slopes typically has positive Lebesgue measure if the natural dimen-
sion is bigger than 1 (Theorem [6.2.1).



Chapter 2

Preliminaries

2.1 Parametrizing CPLIFSs

We fix a number m > 2, and use it as the number of functions in a CPLIFS
throughout the thesis. Let F = {f;},—, be a CPLIFS. We write [(k) for the
number of breaking points of f; for k& € [m], and we say that the type of
the CPLIF'S is the vector

€= (I(1),....1(m)).

For example the type of the CPLIFS on Figure is € =(1,2). If Fisa
CPLIF'S of type £, then we write

F € CPLIFS,.

We write B(k) for the set of breaking points of f;, and we denote its
elements by by1 < -+ < by Let L := > I(k) be the total number of
k=1

breaking points of the functions of F counted with multiplicity if some of
the breaking points of two different elements of F coincide. We arrange all
the breaking points in an L dimensional vector b € R” in a way described
below. First we partition [L] = {1,...,L} into blocks of length (k) for
k € [m]. The k-th block is

LF = {pe N : 1+2_:l(j) Spézl(j)}

i=1 j=1
k-1
where ) is meant to be 0 when k£ = 1. We use this convention without
j=1

further mentioning it throughout the thesis. The breaking points of f; occupy
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the components belonging to the block L* in increasing order. That is

b = (?1,17 s 7b1,l(1)7§2,17 R b2,l(2)7 cee 713m,17 SRR bm,l(ml) (21)

J
g g g

L1 L2 Lm

The set of breaking point vectors b for a type £ CPLIFS is
Bt = {XGIRL:xi<x]— if i < jand 3k € [m)] Withi,jELk}.

The (k) breaking points of the piecewise linear continuous function fj de-
termines the I(k) + 1 intervals of linearity .J;;, among which the first and
the last are actually half lines:

(_Ooabk,l)a if i = L;
Jpi = dp; =14 (bri-1,brg), if2<i<I(k);
(bragry, 00), i i = 1(k) +1

The derivative of fj exists on J;; and is equal to the constant

Pri = Tila (2.2)

We arrange the contraction ratios py; € (—1,1) \ {0} into a vector p in an
analogous way as we arranged the breaking points into a vector in , but
taking into account that there is one more contraction ratio for each f; than
breaking point:

P 1= pr = (P P Pt Prnitoyt) € (-1 1)\ 0D

g g

E 1 Z'm

where

k—1 k
LF = {pED\I L+ Y (1+1() <p Zl+ }
J=1 J=1

We call p the vector of contractions. The set of all possible values of
p for an F € CPLIFS, is

RE .= {p e (=1, )\ {oD“™ :Vk € [m], Vi,i+1 € L* p; # Pz‘+1} ;

where p = (p1, ..., prim). Weintroduce the following notation for the biggest
and smallest slope in the IF'S.

= max i max -= Max pg, and ppin = min  min Ll (2.3
g i€[l(k)+1] |'0k ‘ p ke[m] Pr P ke[m] iell(k)+1] ‘pk’ ’ ( )
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Figure 2.1: A general CPLIFS with the related notations.

Moreover, let pk,. k., ‘= Pk, - - * Pk, . Clearly,
| frrten, (@) < Preykn, for all .
Finally, we write
7, = fr(0), and 7 := (7q,...,7,) € R™.

So, the parameters that uniquely determine an F € CPLIFS, can be organ-
ized into a vector

A= (b,T,p) € I‘f — %Z % R™ x m@ C |RL ¥ R™ x |RL+m _ |R2L+2m,

It is easy to see that A indeed determines a CPLIFS uniquely. For instance,
assuming that all the breaking points in the system are positive, we have the
following formula for the functions of F:

1(k) I(k)+1
fi@) = 1Y (bn =i 1)pr{bry < a3+ Y prj(a—be;1)1{w € Jii},
i=1 j=1

12



for any k € [m] and « > 0, where we used the notation Vk € [m] : byo = 0 to
make the formula more compact.

For a A € T we write F* for the corresponding CPLIFS, A* for its
attractor, and sy for its natural dimension. Similarly, for an F € CPLIFS,
we write A(F) for the corresponding element of I'*. With the help of these
notations we can taylor the terminology of dimp-typicality for CPLIFSs.

Terminology 2.1.1. Let P be a property that makes sense for every con-
tinuous piecewise linear iterated function system. For a contraction vector
p € R we consider the (exceptional) set

Efe = {(b,7) € BE X R™: FOTP) does not have property B (24)

We say that property B holds dimp-typically if for all type € and for all
p € R we have
dimp E‘II)M < L+m,

where £ = (I(1),...,l(m)) and L = i (k) as above.

k=1

2.2 Relation to the topological pressure

Let (X,d) be a compact metric space, G : X — X be a continuous map-
ping, and g € C(X,R) be a continuous real valued function. The classical
topological pressure is defined as

n—1
1 .
— Tim Fm st j
p(R,G,g) = ll_{r(l) lim sup — log s%p E exp ( g 9(G x)) , (2.5)

n
n—oo 2€E §=0

where the supremum is taken over all (n,e)-separated subsets E of R. A
set £ C R is (n,e)-separated, if for every x # y € E there exists a j €
{0,1,...,n — 1} with d(T7z,T7y) > ¢, where d is the metric on X which
induces the order topology.

The topological pressure function is often used to calculate the Hausdorff
dimension of the attractor of iterated function systems of C? functions |8
Theorem 5.3]. To motivate our result on the equality of dimensions, we
are going to show that the natural dimension coincides with the root of the
topological pressure function, using the case of injective CPLIFSs satisfying
the IOSC.

Let F = {f;}", be an injective CPLIFS that satisfies the IOSC, and
without loss of generality assume I7 = [0,1]. We write I;, ,;, = fi, i.(])

13



and A for the attractor of F. Recall, that we denoted with B(k) the set of
breaking points of fr. We simply write fx(B(k)) := {fx(z) : = € B(k)} for
the set of the images of the breaking points of fi, k € [m].

Let T : Upeimili — [0, 1] be defined as follows

Vk € [m] : (T|Ik)_1 = fr-

An injective CPLIFS that satisfies the IOSC and its associated expansive
mapping T are depicted on Figure 2.2

fs

I3

Il Tlhi T‘Is

Figure 2.2

Write W, for the set of points where the derivative of T" is not defined.
Hence Wy = U, ({fx(0), fu(1)} U fi(B(k))). We define W as the set of
preimages of the elements of W} except 0 and 1:

W= (U T (Wo \ {0, 1})) \ {0, 1}

Now let o .
R=) ([o, H\T™" ([o, 1\ U1k>) .

Thus R contains all the points whose orbit will never leave the union of
the first cylinders as we iterate 7. Observe that R = A.

Instead of [0,1] we will work on a different metric space, obtained by
doubling some points, that we denote with [0,1],,,. Namely, following [24]
p. 41|, we double all elements of W, and equip this new space with the
metric that induces the order topology. We call this new complete metric
space Doubled points topology. We write Ry for the closure of R\ W
in the doubled points topology. Let Ty be the unique, continuous extension
of our expanding map 7' in this new metric space. Similarly, for a piecewise

14



constant function ¢ let 1)y, denote the unique continuous function for which

Y () = ¢Y(x), Yo € [0,1]\ (W U{0,1}). We call ¢y the completion of 1.
In the doubled points topology ¢s(x) = —slog|T"(z)| has a continuous

completion that we denote by v, w. Thus the pressure function is well

defined for X = Rw, G = Tw, g = ¥sw, where the choice of s € R is

arbitrary. This is the reason why we work on this new topological space.
According to |24, Lemma 3| the map

Ptop(s) = p(RW7 TW7 2AS,W) (26)

is continuous and strictly decreasing. Moreover, the root of this map s
coincides with the Hausdorff dimension of Ry,. Since R and Ry, only differs
in countably many points dimy R = dimg Rw. We call the map P,(s)
Topological Pressure Function. As a consequence we obtain

Lemma 2.2.1. Let F be a CPLIFS on the line that satisfies the IOSC, and
denote its attractor with A. Then

dimpg A = S¢0p,
where syop s the unique root of the topological pressure defined in (2.6)).

For a F = {f;}1, CPLIFS let (s,),>1 be the unique sequence for which

> Lyt =1 (2.7)

1]...0n

holds for every n > 1. The following lemma shows that s = limsup,,_, .. Sn
equals to the root of the natural pressure sr. Recall that we write AZ for
the attractor of the CPLIFS F.

Lemma 2.2.2. For a F CPLIFS defined on [0,1], let ($,)n>1 be the unique
series that satisfies[2.7 Then the following holds

sy = limsup s,
n—oo

where sr is the Toot of the natural pressure function ®7.

Proof. Recall that we denote the smallest and largest contraction ratio of F
by pmin and ppax respectively, and fix an arbitrary n > 1.
For a given length n word i;...4, and an arbitrary s we can write

|1, s = |I sno | I 7% to obtain the estimates

1...0n 1...0n 1...0n

n(s—sn) ’Iz

min

< Ny ]® < Pn(sfsn) Ny (2.8)

1..‘in‘ max

15



Since by definition Z“Zn |1;,., " = 1, equation ({2.8) implies

1
(S - Sn) log Pmin S ﬁ 1Og Z |]Z1zn|s S (S - Sn) log Pmax

i1...0n

Reordering the inequalities we obtain

% log Z’len |I7flln |s
10g Prmax

% log leln |I'51'Ln |S
10g Pmin

< (s—$n)

IN

If we choose s to be equal to sz, then taking the limit superior of each
side yields limsup,,_,,, Sx — s, = 0.
m

Using this lemma we show that for an injective CPLIFS F the root of
the natural pressure ({1.5)) coincides with the root of the topological pressure
function ([2.6)) of the associated expanding map.

Lemma 2.2.3. Let F be an injective CPLIFS that satisfies the I0SC. Write
Stop for the Toot of the topological pressure function (2.6), and sx for the root
of the natural pressure function (1.5)). Then

Stop = SF-

Proof. Without applying Corollary [1.0.1] we first prove that the Hausdorff
dimension of the attractor is smaller than or equal to the natural dimension,
using the sequence (s,),>1 defined in (2.7). Fix an € > 0.

By Lemma[2.2.2]sy = limsup,,_, ., s,, hence 3N such that Vn > N : s, <
sr + 5. Thus by we have

Z Ly, |77 < Z Ly a2 < pﬁx — 0, as n — o0.

i1...0n 11...0n

It implies that H*7 (A7) = 0 for each ¢ > 0, where H*® stands for
the s-dimensional Hausdorff measure. By the definition of the Hausdorff
dimension, we obtain

dimy A" < sz

According to Lemma dimg A" = sy, S0 we already proved
Stop < sF.

To prove the other direction, we first need to reformalise the pressure
function Py, (s), to see how it relates to the natural pressure &7 (s).
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Recall that we assumed that the IOSC holds, which means that all of the
first level cylinders are separated by some positive distance D > 0. Fix an
D > ¢ >0, and let N(e) be sufficiently big such that

We will show that by choosing one element of each level N(¢) cylinder we
obtain an (N (e), €)-separated set.

For any two N length words i = {i1,...in}, j = {j1,..-in} let [iA]] =
min{k — 1 : iy # jr} . Thus if we iterate |i A j| times 7" over the cylinders
Li,..in»> L. jn» the images will fall into different first level cylinders. More
formally

d(TNIT, TENIL) > D > e

Therefore by choosing one element from each N(e) level cylinder, we
obtain an (N(g),¢)-separated subset that we denote by I3 We require
Vo € INS) to maximize the derivative of T over the N(e) cylinder that
contains x. We can make this constraint, since any choice of elements will
do. Remember that we use the doubled points topology introduced in [24]
p. 41], so T" is well defined at every = € [0,1], .

We can define I7.  similarly for any n > N(g). We substitute these sets

sep
into the topological pressure to gain a lower bound. We use the notation
s(x) := —slog |T"(x)| to make the formulas more concise.

n—1
1 ,
Piop(s) = 1_1_1}1 lim sup — log Slép E exp ( E wS(T]x)>

n—oo T 2€FE §=0

1 n—1
> lim lim sup — lo ex (T x
= syt e 3 o (500

sep

1 n—1

> lin%limsup—log Z exp (Z ][i\s> = &7 (s),
U noeo Ty nG)erz, §=0

where in the last inequality we substituted 1s(z) = —slog|T"(x)|. For s =
sr, the right hand side is equal to 0. The pressure function P,,,(s) is strictly
decreasing, thus its unique zero s;,, must be bigger or equal to sr. We just
obtained

SF < Stop-
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We note that the statement of Lemma [2.2.3] also holds with a weakened
version of the IOSC. Namely, it is enough to assume that the interiors of the
first cylinder intervals f;([),7 € [m] are disjoint. The proof is analogous, but
in the construction of the (IV, e)-separated subset the choice of ¢ and N will
depend on the slopes of the functions of F.

2.3 Self-similar and self-similar graph-directed
IFSs

Here we summarize the relevant results from the theory of self-similar IFSs.
Let F = {fk}]kvil be an IFS on R and A be the attractor of F. As usual, the
natural projection II : ¥ — A is defined by

[(i) = lim_fi,(0).

We write o for the left-shift on . For the definition of invariance, ergodi-
city, and entropy (denoted by h(u)) of the measure p we refer the reader to
Walters’ book [27]. If the measure u is ergodic and the derivatives of all of
the mappings f; are continuous, we define the Lyapunov exponent of u by

() = / log |, (T(a1) dja(0). (2.9)

2.3.1 Self-similar IFSs on the line

In the special case when all f; are similarities (the slopes are constants) F is
called self-similar IF'S. In this case for all i € [M] := {1,..., M} the mappings
fi, can be presented in the form

fi(x) = rix +t;, where r; € (—1,1)\ {0} and ¢; € R.

The simplest guess for the dimension of the attractor A can be expressed in
terms of the similarity dimension dimg A, which is defined as the solution

M
s of the equation ) |rg|® = 1. That is
K=1
dimyg A < min {1,dimg A} .
It follows from a theorem of Hochman’s (Theorem [2.3.3) that in some sense

typically we have equality above. For an 7 := (iy,...,1,) we define
T =1, T3 =Ti i, =Tiy ... T, and 7 == Ztikrﬂk.
k=1
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Clearly, we have f;(z) = rx + t; and

[eS)
6) = 3" vt = i
n=1

If 11 is a measure on Y then we write I1,u for the push forward measure of p.
That is II,u(FE) = p(IT"'E). Let p be a o-invariant ergodic measure on Y.
Then the Lyapunov exponent is

X(1) =Y plk]log ry.
k=1
For a probability vector p := (p1,...,pa) we define the measures:

pp([i1, -y in]) == piy - - pin, and vp i= gy,

We say that 14, is a self-similar measure. The simplest guess for the
Hausdorft dimension of a self-similar measure vy, is

M
pr log py,

dimg v, 1= h(vp) — k=t
i P X(VP> % 1 .
Pr log Ty

k=1

dimy v, < dimg v, and a theorem of Hochman states that typically we have
equality. We say that dimg 1/, is the similarity dimension of the measure
Up.

Hochman [9] introduced the notion of exponential separation for self-
similar IF'Ss. To state it, first we need to define the distance of two similarity
mappings ¢1(z) = g1z + 71 and ga(x) = 027 + 72, 01, 02 € (—1,1)\ {0}, on R.
Namely,

. 1 — T2, if o1 = 09
dist (91, 92) == { Lo, | otherwise.
Definition 2.3.1. Given a self-similar IFS F = {fy(z)},—, on R. We say
that F satisfies the Exponential Separation Condition (ESC) if there
exists a ¢ > 0 and a strictly increasing sequence of natural numbers {n;},°,
such that

dist (f7, f;) > " for all € and for all7,7 € {1,...,M}™, 1]

We note that the exponential separation condition always holds when an
IFS is parametrized by algebraic parameters [9]. For some of our results, it
is enough to assume an even weaker separation condition on the generated
self-similar iterated function systems.
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Definition 2.3.2. We say that the self-similar IFS S = {Sy}}~, has no
exact overlapping if for alln > 1 and all i,j € [m|™ we have

SiESj — l:J

Examples of IFSs for which the exponential separation condition fails
but there are no exact overlappings were given by Baker [I] and Béarany,
Kéenmaki [2].

Theorem 2.3.3 (Hochman [9]). Let F be a self-similar IFS on R which
satisfies the Exponential Separation Condition (ESC). Then

(a) For every self-similar measure v we have

dimyg v = min{1, dimg A }.

(b) Consequently,
dimyg A = min {1,dimg A} .

The following theorem of Hochman is about the translation family of a
self similar IF'S. To state it we need some further notation.

Definition 2.3.4. We consider the translation family {FT} pn (defined in
Definition of a self-similar IFS F. We denote the attractor of F™ by
AT. Fori,7 € [M]" we write

Aus(r) = J7(0) = 1(0)

Let us define the exceptional set

E = ﬂ U ﬂ U A{j(—e",a”)
e>0 | N=1n>N |\ z3€[M]"
1#]
One can easily check that this simple claim holds:
Claim 2.3.5. Using the notation of Definition[2.5.4], we have
{'r e RM . F™ does not satisfy the ESC } =F.

The next theorem is a Corollary of [10, Theorem 1.10].
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Theorem 2.3.6 (Multi parameter Hochman Theorem [10]). Using the nota-
tion of Definition we have

dimp £ < M — 1.
Consequently,
dimp {'r e RM . F™ does not satisfy the ESC } <M -1.

The consequences of the following theorem will be very important in
Chapter [3

Theorem 2.3.7 (Jordan, Rapaport|[14]). Let F = {fy},—, be a self-similar
IFS on R which satisfies the ESC. Moreover, let u be an invariant ergodic
probability measure on ¥ = [M|N. Then

h
dimy II, 0 = min {1, M} .
X (1)
In Section in Corollary we prove that with the help of this
result we can extend part (b) of Theorem to self-similar graph-directed
iterated function systems.

2.3.2 Graph-directed iterated function systems

We present here the most important notations and results related to self-
similar Graph-Directed Iterated function Systems (GDIFS). In this subsec-
tion we follow the book [§] and the papers [16] and [I5]. The major difference
is that in the first two references the authors assume separation in between
the graph-directed sets. In [I5] no separation is assumed, and we follow that
line.

To define the graph-directed iterated function systems we need a directed
graph G = (V,€). We label the vertices of this graph with the numbers
{1,2,...,q}, where |V| = ¢q. This G graph is not assumed to be simple, it
might have multiple edges between the same vertices, or even loops. For
an edge e = (7,5) € £ we write s(e) := ¢ for the source and t(e) := j for
the target of e. Denote with & ; the set of directed edges from vertex 7 to
vertex j, and write Sfj for the set of length k directed paths between ¢ and
j. Similarly, we write £" for the set of all directed paths of length n in the
graph. We assume that G is strongly connected. That is for every i,5 € V
there is a directed path in G from 7 to j.

For all edges e € £ given a contracting similarity mapping F, : R — R.
The contraction ratio is denoted by r. € (—=1,1)\ {0}. Let e;...e, be a path
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in G. Then we write F,, . = F, o---0oF, . It follows from the proof of
|16, Theorem 1.1] that there exists a unique family of non-empty compact
sets Ay, ..., A, labeled by the elements of V, for which

A = CJ U Fy), i=1,....q (2.10)

7j=1 8651',]‘
We call the sets {A4,...,A,} graph-directed sets, and we say that A :=
q
J A; is the attractor of the self-similar graph-directed IFS F =

=1
{F.}cce. We abbreviate it to self-similar GDIFS.
By iterating (2.10]) we get

q
Ai = U U Fe1---8k (AJ)
j=1

(ela---ek)egﬁj

To get the most natural guess for the dimension of A, for every s > 0, we
define a ¢ x ¢ matrix with the following entries

0, if gm‘ = @;
C® = (¥ (4,4))i j=1 and (i, 5) = { > |rel®, otherwise. (2.11)

6651‘,]'

The spectral radius of C® is denoted by o(C). Mauldin and Williams
[16, Theorem 2| proved that the function s > o(C®)) is strictly decreasing,
continuous, greater than 1 at s = 0, and less than 1 if s is large enough.
Therefore, the following « value is well defined.

Definition 2.3.8. For the self-similar GDIFS F = {f.}.ce we write o =
a(F) for the unique number satisfying

o(C@) = 1.

The relation of o to the dimension of the attractor is given by the following
theorem. It appeared in [16] apart from the box dimension part, which is
from [8].

Theorem 2.3.9. Let F = {F.} . be a self-similar GDIFS as above. In
particular, the graph G = (V, E) is strongly connected and let A be the at-
tractor.

(a) dimg A < a.

(b) Let Iy, be the convex hull of Ay, Yk € V. If the intervals {1 }{_, are
pairwise disjoint then dimyg A = dimg A = a and 0 < HY(A) < oo.
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Chapter 3
CPLIF'Ss with small slopes

Definition 3.0.1. We say that F s small if both of the following two
requirements hold:

(a) kf:lpk<1.

(b) Our second requirement depends on the injectivity of fi:

(1) If fr is injective then we require that py < %

(ii) If fx is not injective then we require that py < 1_’)%, which always
holds if pmax < %

The first assumption is required to know a priori that dimyp A < 1 in a
certain uniform manner, and the later assumptions are required for a kind of
transversality argument.

Along the lines of Definition we define the set of small contraction
vectors for a given type £ as

mf

small -

= {p e R FOTP) ig small for all b € B and 7 € IRm} )

We will show that the following property is typical among small CPLIFSs.

Definition 3.0.2. We say that a small CPLIFS F is regular if its attractor
A7 does not contain any of the breaking points {bkﬂ'}ke[m} iell(k)]-

Regular systems can be represented with a well chosen self-similar graph-
directed iterated function system (GDIFS). This property will enable us to
apply notions and theorems related to self-similar GDIFSs [18].
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3.1 IFSs associated to a regular CPLIF'S

In this rather technical section we will complete the following steps:
(1) First we define the self-similar IFS Sx for a CPLIFS F.

(2) We assume that F is regular and we consider a suitable sub-system
SF (called associated IFS) of the N-th iterate S¥ of the generated
self-similar IFS Sz for the appropriate N.

(3) We represent A7 as the attractor of a graph directed self-similar IFS
whose functions are elements of ..

(4) Then we define an appropriate invariant and ergodic measure (actually
a Markov measure) for the self-similar IFS .=, whose support is the
attractor of the previously mentioned graph directed self-similar IFS
which coincides with Ar as we mentioned above.

Later we will apply the Jordan Rapaport theorem (Theorem [2.3.7) for this
measure to get the dimension of A”.

Let F = {fi}", € CPLIFS, for £ = (I(1),...,1(m)) with L = S° i(k).
k=1

The generated self-similar IFS Sr consists of those similarity mappings
on R whose graph coincides with the graph of f;, for some k& € [m] on some
interval of linearity Jy;, i € I(k) + 1 of fi. Hence, it is natural to para-
meterize the generated self-similar IFS by the I(k) + 1 intervals of linearity
Jis - Jeigy+1 of the mapping f; for all k£ € [m]. That is

S =85 = {Ski(x) = pri- v+ tk,i}ke[m],ie[l(k)ﬂ} ) Sk:i‘Jk,i = fk|J1“ (3.1)

We organize the translation parts {tkvi}ke[m} icii(ky11 ©f the mappings of Sr

into a vector

+1]

t=1t(b,7,p) == (11, s ELa(D) 41 - - s Eimts - - o s Emagmy 1) € RET™ (3.2)
If by ; > 0 for all ¢ € [I(k)] then the formula for ¢ is simple:
tk71 = Tk and tk,i =T+ Z ka)(ka) — pk,p+1>~ (33)
p=1

Using this and an appropriate conjugation in the general case when some of
br; < 0 we obtain by simple calculation that the following statement holds:
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Claim 3.1.1. For any fized p € RE, consider the mapping D, : B x R™ —
REF™ defined by
Q,(b,T) =1, (3.4)

where t € RET™ was defined in (3.2). Then @, is a non-singular affine trans-
formation. Hence ®, and its inverse CD;l preserve Hausdorff and packing
dimensions, and also preserve the sets of zero measure with respect to LXT™.

To get a more effective method of labeling the f, € F functions’ intervals
of linearity, and in this way the functions in S, we introduce

A:={(k,i): k €[m]and i € [I(k) + 1]} .
Moreover, we write AY := Ax ---x A for N € NU {oo}. That is S =
—_—

N
{Sa}4eq- Note that #A = L +m. Recall that the slope p, of S, was defined
in (2.2), and we define t, € R such that

Sa(x) = pax + t,.

Let F = {fx},—, be a regular CPLIFS and let N = N(F) € N be the
smallest n such that for all u = (uy,...,u,) € [m]" the cylinder interval I
does not contain any breaking points. Then we say that F is regular of
order N. The collection of regular CPLIFS of type £ and order N is denoted
by CPLIFSg n.

Given an F € CPLIFSy n. Let G be the following directed full graph

Gr =V, &) with V :=[m]" and € := {(v,u) : v,u € V} (3.5)

Recall from Section that we denote the source and the target of an
edge e € £ by s(e) and t(e) respectively. Further, for a £k € N and v,u € V
we write EF | for the set of length k directed paths (ei,...,e;) such that
s(e1) = v, t(ex) = u and t(e;) = s(e;yq1) for i € [k —1].

This section is organized in two steps:

(a) First we associate a self-similar IF'S .= to every F € CPLIFS, y which
is the relevant subsystem of S¥.

(b) Then, we use the directed graph G = (V,€) to construct a graph-
directed self-similar IF'S {F. } .. which consists of the functions of 7.
Moreover, the attractor A9F of this self-similar GDIFS coincides with
A
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3.1.1 The construction of .¥r

Let e = (v,u) € €. For a p € [N] we consider fypyly, where o is the left
shift. That is

f [ _= f”Up+1.‘.”L)NIU7 lfp E [N - 1]7
VT if p=N.

Clearly, foryly is contained in the N-cylinder I, ., wyuy..u,- That is fory Iy
contains no breaking points of any functions from F. Namely, f,», I, is the
subset of a linearity interval of f,, for every p € [N].

In particular, there exists a unique i(e,p) € [I(v,) + 1] such that

Jorvlu C Jy,iep), for any p € [N] (3.6)

Now we define a mapping ¢ = ¢ : £ — AV

Y(e) =a=(a,...,ay), where a, := (vp,i(e,p)). (3.7)
Let e = (v,u),e¢ = (v/,u’) € £. It is immediate from the construction that
Yle) =y(e') = v =s(e) =s(e) = V. (3.8)

We define 7 as the image of £ under ¢
A = o = {aG.AN:Eleeé',a:w(e)}.
Hence, for an a € &/ it makes sense to write
Yri(@):=v and uey,'(a), ify(e)=aande=(v,u).

Put
Sa i= 8, 0---08,, for ¥(e) =a=(ay,...,an).

By for any p € [N] and a, = (vp,i(e, p))
Sap| Tupitery = Svpiten) oy iten = Fopl i it (3.9)
Then, using and together it is clear that
Salr, = fvln,, for a=1(e) with e = (v,u) € £.
With the help of alphabet <7 we define the associated self-similar IFS
S = = {Satucy -

The mapping ¢ : &€ — &7, which we use to associate the elements of &7
to edges, is onto but not necessarily 1 — 1.
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3.1.2 The associated graph-directed self-similar IF'S

For an e = (v,u) € £ we consider S, for a = (ay,...,ay) = 1(e) and define
the mapping F, : [, — [, by

Fo(z) = Salr, = fvlr.- (3.10)
Moreover, for e = (eq,...,ex) € X .\, with e; = (v, viTh), i € [k] we have

Vo € L0 Fo(x):=F, 0---0F, ()= fy0--0 for(x). (3.11)
Obviously, F, is a similarity mapping restricted to I, with contraction ratio
Pvu = Pe i= Pa = S; = Pai " Pay- (3.12)

Recall that we defined the directed full graph in (3.5). We call F9 := {F.}, _,
the associated self-similar graph-directed IFS. The symbolic space of

FY is the set of infinite paths in the full graph G that we denote by &
o = {p:=(e1,69,...):t(e;) = s(er1), €; € E for all i € N}

= p=((vL,v), Vv, (v, vh), .. ) vP eV, VkeN
—— —— —

€1 €2 €3

The attractor of FY is

AT = U ﬁ U U F., . e 1u.

VEV k=1 €V (e;...e)EEL

As the graph-directed sets of F9 are the level N cylinder intervals of F
and G is a full graph, by (3.11)) we have

AT = AF°.

Thus A" can be represented as a graph-directed attractor. In the next
section we show how A’ relates to the associated self-similar IFS ..

3.1.3 Constructing a subshift in &N

Now we show that we can consider A" also as the projection of a subshift
A& 4 C N (defined below) by I, the natural projection corresponding
to .##. In order to construct <. ; we define two bijections: o : VN — &
and U : & — A0 4
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Our first bijection ¥ is a very simple one:
IV vE v v L) = ((VI,VZ), (v2, v, (v, vh), ... ) .

To define our second bijection, first recall the definition of ¢ : £ — &7 from
(3.7). Now we apply this componentwise to define the mapping ¥ on £, by

U(ep,e9,...) = (al,aQ,...) ca™, a":=4(e), keN.

Let

O

We claim that ¥ : £, — </ 4 is a bijection. By definition ¢ (e;) = a’ for
i=1,...,k By (3.8), this determines ey, ..., ex_1 uniquely. Since this holds
for all k € N we obtain that ¥ is 1—1. Clearly @, is compact and forward

invariant. That is
U(%good) C ”(Z{CD}\J od C ”(Z{N‘ (313)

That is 2.4 is a subshift in AM.

As we defined earlier, let Iy : VN — R and T1», : @™ — R be the
natural projections corresponding to the N-th iterate system of the CPLIFS
F and the self-similar IFS .#F respectively. (For the definition of the natural
projection of a general IFS see Section )

Consider the following two diagrams:

W2 N N Tl g (3.14)
I N
goo P goo A]:

g

N N
”Q{Good ”Q{Good

(o

It is obvious that the first diagram is commutative.
Claim 3.1.2. The second diagram in (3.14) is commutative.

Proof. Write I1z¢ for the natural projection defined by the associated self-
similar GDIFS F9. Since A7 = A7’, we may dissect the diagram in the
following way:

Wt Eo —L> P (3.15)
wa\* e Af
A AT
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It follows from the definition of ¥ and (3.11)) that the left diagram in (3.15])
is commutative. Using (3.10) and the definition of @}l ; it is easy to see
that the right diagram is also commutative.

O

In particular we obtained that

AT = N =T (V) = Ty, (e22),4) - (3.16)

3.1.4 An ergodic measure on A”7 supported by A"

Our aim is to define an appropriate invariant ergodic measure m on .o/™
which is supported by & ;. Then we will take its push-forward measure
by I1,. This way, according to (3.16]), the push-forward measure I, m is
supported by A”.

For every 8 > 0 we define the m" x m® matrix C® just like we did in
Subsection First we order the elements of V according to lexicograph-
ical order. This will be the order of the rows and columns of C®). Then
set

C(ﬁ) = <|pv,u|6)(v,u)ev><\)7 (317)

where py . was defined in (3.12)). According to Definition the number
a = o(F) is uniquely defined by o (C)) = 1.

Since C(@) is an irreducible matrix, both the left and the right eigenvectors
u = (Uy)vey, ¥ = (Vy)vey corresponding to eigenvalue 1 can be choosen to
have all positive components. That is

Zuv-|pvvu|°‘ = Uy, Z [Pyl “Vu = Vv, Uy, vy >0 forall veV. (3.18)
vey uey
We normalize them in such a way that
Zvv =1, Zuv~vv =1.
vey vey

Now we define the stochastic matrix P = (py u)v.uey and its stationary dis-
tribution p = (py)vey, which corresponds to the matrix C®. That is

vl Vu
pv,u = %a Pv = (Vv : uv)v v, u € V (319)
Clearly,
pT - P = pT that is Zvvuv : |pV7_l:/‘ Vu = Vuly.
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3.1.5 Auxiliary measures

Now we consider the one-sided Markov shift on VM (see [27, p. 22|) corres-
ponding to (p, P). This gives us the ergodic Borel measure y = puz on VM
defined on the n-cylinders [v!,... v"] C V" by

% ([Vl, Ce ,Vn]) = Pyl pvl,v2pv2,v3 o 'pvn—17vn. (320)

Then this extends to an ergodic measure on VN (see [27, Theorem 1.19]).
Using that o9 : VN — o7 | is an isomorphism, and the first diagram in

(¢]

(3.14) is commutative, we get that the measure
vim (o), (1)

is an invariant and ergodic measure on (/% ;,0). We have pointed out
that <70 4 is a subshift in @™, So we can extend v from &% ; to @™ in
an obvious way, such that after extension we still have an ergodic invariant
measure. Namely, we define the measure m on @™ such that for a Borel set
Hc o™

m(H) :=v(H N ,q) (3.21)

Using that <7, is compact we obtain that the support spt(m) = &% .
Moreover, it follows from (3.13) and [27, Theorem 1.6] that m is an ergodic
measure. The invariance of m is obvious from the definition.

3.1.6 The entropy and Lyapunov exponent of m

First we estimate the measure of an n-cylinder for an arbitrary n € N. For
an a:= (al,a? ... a" ...) € @™ we write a|, := (a',a? ..., a"). Then

[a],] ={a=(@"a%...)e ™ :a' =a',...,a" =a"}.
Lemma 3.1.3. For every n and v** € o5 (a”) we have
[vi. v vt (To ) ([al]) € [V, v
Proof. By the definition of ¥ : &, — AN, .4
O ([ala]) = {e € £ s Yler) = o, Vh € 0]}

(v v™)). As

That is every element of ~! ([al],]) starts with ((v!,v?),...,
. [

Y
e, is also an edge in G, v*! must satisfy v** € ¢, ' (a”)
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It follows from Lemma B.1.3 that

,u([vl,...,V",V"H]) < y([al,...,a"]) < u([vl,...,vn}) (3.22)

By substituting the formulas given in (3.19) for py, and py into the formula
(3.20)) we obtain that there exist Cy, Cy > 0 such that

By definition (see (2.9))) the Lyapunov exponent of m is
Xm = —>_m([a]) - 1og |pal,
acyd/

where we defined p, in (3.12). Then by the ergodicity of m and by the
Shannon-McMillan-Breiman Theorem we have

1
h(m) = — lim —logm([a|,]) for m-a.a. a € @™, (3.23)
n—oo N,
Moreover,
. 1 / . 1 N
Xm = — lim —log[Sy [ = — lim —log|p,| for m-a.a. a € &7, (3.24)
n—oo M n—oo 1

Putting together (3.24)),(3.23) and (3.22) we get

h(m)
Xm

= a. (3.25)

3.2 Dimension results for small CPLIFSs

The main theorem of this section is the following.

Theorem 3.2.1. Let F = {fi}}, be a dimp-typical small CPLIFS. Then
dimy A" = dimg A7 = 5. (3.26)

Further, there exists an invariant ergodic measure v on the symbolic space
with push-forward p = v o (H}l) supported on AT such that

dimyg A7 = dimy p. (3.27)

In Section [ we will prove that holds for any CPLIFS typically,
without restrictions on the slopes. However, may not hold in general,
and we only prove it for regular CPLIF'S. To prove our main result we verify
the following theorem and proposition:
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Theorem 3.2.2. Let F be a regular CPLIFS for which the generated self-
similar IFS satisfies the Exponential Separation Condition (ESC). Then

dimg A = dimg A7 = s7.

To prove this, we use the multi-parameter Hochman Theorem [10, The-
orem 1.10] and a recent result of Jordan and Rapaport [14, Theorem 1.1].

Proposition 3.2.3. A dimp-typical small CPLIFS is reqular.

Together with [8, Theorem 3.2|, this proposition implies the following
corollary.

Corollary 3.2.4. For a dimp-typical small CPLIFS F let s := dimyg A7 be
the Hausdorff dimension of its attractor. Further, assume that all functions
in F are injective. Then we have

s = dimg AY = dimg A”.

Further, H*(A7) < oo, where H* denotes the s-dimensional Hausdorff meas-
ure.

3.2.1 Proofs assuming Proposition [3.2.3]

This section contains the proofs of our main results, under the assumption
that Proposition holds. Since the proof of Proposition is quite
lengthy, we separate it in a later subsection for didactic reasons. First, we
prove some general properties of regular CPLIFSs.

Definition 3.2.5. Let F be a CPLIFS. We say that F satisfies the Bounded
Distortion Property (BDP) if there exist 0 < Cy < Cy such that

Vn, V|jl=n, Ve,yeI: C; < |fj/(x)|
£ ()]

It is not true in general that a CPLIFS satisfies the BDP. For example,
if a function’s fixed point coincides with one of its breaking points, then this

condition trivially fails. However, in the regular case the bounded distortion
property does hold.

< Cy.

Lemma 3.2.6. Let F be a regular CPLIFS of order N. Then F satisfies the
bounded distortion property.
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Proof. As there are finitely many words of length at most N, the statement
trivially holds for n < N. Let j = j1...Jj, with n > N. Let x,y € I be
arbitrary numbers. First we investigate the derivative of f; at a given x € 1.

/ / /

5 (@) = [, Fos (@) - i,y (Jomj (2)) fomon (). (3.28)

We said that N is the order of our CPLIFS. It means that the functions of
F have constant slopes over all the N cylinders. Hence f,(2) = f.() if 2,7
are elements of the same cylinder interval of level N.

For 1 <[ <n — N the words ¢'j have length at least N. It implies that
[515(1) is a subset of a cylinder interval of level N. Thus f;(x) and f,:;(y)
are contained in the same cylinder interval of level N for 1 <[ <n — N.

We conclude that for 1 <[ <n-—- N

Felfos(@)) = fo(fo5(1)), (3.29)

'''''

for any k € [m)].
After substituting (3.29)) into (3.28)) we obtain that

Cl = pgin < |fj1 ]”(x)l — |f‘7n7Nj(x)| < Pmax

-~ — - 7 -~ = 02, (330)
Pmax |fj1 ..... n ()] |f(,anj ()] pﬁin
where ppin and ppq, were defined in ((2.3)). O

If we assume Proposition we can easily prove Corollary with
the help of the following theorem.

Theorem 3.2.7 (Theorem 3.2 from [§]). Let E C R™ be a non-empty compact
subset, and let a > 0 and ro > 0. Suppose that for every closed ball B with
center in E and radius v < ry there is a mapping g : E — E N B satisfying

arlz —y| < |g(x) — g(y)| for all z,y € E.
Then, writing s = dimy E, we have that
H(E) < 4°a™* < oo and dimg(E) = dimp(E) = s.

Proof of Corollary[3.2.4] assuming Proposition[3.2.3. Tt is enough to prove
our statement for a small regular CPLIFS F = {f;}*,, in accordance with

Proposition Let N be the order of F.
We proceed by applying Theorem to A7, Without loss of generality

we assume that |[A| = 1. Let rp := 1 and a = G, where Cy = 23, Fix an

arbitrary 0 < 7 < rg and z € A7, and consider the interval D = [z —r, x +7].
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We choose (i1,...,1,) € [m]" such that z € A,
Then g < |Az1 ..... in—1|'
Let I7 be the interval we defined in ([1.2)). There exists z; € I” for which

L CDbut Ay, ., ZD.

,,,,,

5 < i S Uiy (@D (3.31)

According to Lemma F satisfies the bounded distortion property.
Namely, (3.30)) implies that for every x5 € I7 we have

i i @O S ol (fal))] (3.32)
!/ / 1
< Colfiy iy (fin(@2))] - |, (22)] —,
|fz~/1,_,:n(x2)\

where in the last inequality we used that p.;, is the smallest slope in the
system in absolute value. Together (3.31]) and (3.32)) gives that for all z, € I”

pmln
202

i (x2)] > =a-r. (3.33)

.....

All the functions in F are continuous and piecewise linear, hence for any
y,2 € A", y < z there exists a £ € (y, 2) such that

firoin(2) = firin O 2 N fi i, O - (2 = y) Z 0 (2 —y),

where we used that (3.33)) applies for any element of 1.

Since f;, A]E C AJT N D, all conditions of Theorem hold which
completes the proof of our theorem. O

.....

Claim 3.2.8. Let F be a regular CPLIFS. Then

d(s) = lim —log Z 1Ly |

n—oo M

.....

That is the limit exists in (|1.5)).

Proof. Since F is regular, it satisfies the BDP according to Lemma It
follows that for every n there is a suitably big k = k(n) with kN > n — N
and constants Dy = D1(N), Dy = Do(N) such that

V(iy,dg,...) € [m™ : Dy| Ly oiin| < 1Ly il < Dolliy iyl
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Using this we obtain

1
®(s) =limsup —log Y |Tiy .|’ (3.34)
noo M
. 1 .
- hiris;}pmlog Z 1Ly i
Llyeeey 1N
= llgi)sup_log Z fZl ,,,,, Z(k l)N (IZ(k 1)N+1 ..... lkN)
7777 IEkN

where in the last equality we used that the length of any cylinder interval of
level N can be easily bounded by suitable constants.

The series ¢y :=10g ) 1 jrey|pvive|® - [pyr-1,vx|® is subadditive, and
hence by Fekete’s lemma the limit lim o ¢ exists. Applying this fact to

(3.34) yields

1
O(s) = hr(r)lo N log Z vt v2|® - | pyr1 g (3.35)

O]
Lemma 3.2.9. Let F be a regular CPLIFS. Then we have
a(F) = sr.
Proof. We define
@ ‘= max |]i1 ----- iN|7 Q = min |Ii1 ----- iNl’ (336)
VL geeny TN L] yeeey TN
g = max UyVy, ¢:= min U,Vy
u,ve[m]NV - u,ve(m|N



Recall that u, v are the left and right eigenvectors of C(® for the eigenvalue
1 satisfying (3.18)), and the matrix C'® was defined in (3.17).
By Claim and its proof we have

. 1 s s s
CD(S) = kh—{go k‘_N log Z |pv1,v2| T |pvk—1,vk| |(Ivk)| :

Observe that by the definition of measure p we have

qlpvive o pyr-1 | < p([vh . vF]) < Glpyrve - pyn g%, (3.37)

Now we substitute s = a(= ar) into (3.34), and use the bounds of (3.37)
and the constants introduced in (3.36]) to obtain

1 —a
d(a) < lim — E e
() < kh N log 1 | Pyt Pyt yi|“Q

-

. 1 Q 1 k
< - f—
khm PN g log g p([v,...v") =0,

since p is a probability measure. Note that it only holds for s = «(F),
otherwise p would fail to be a probability measure. Similar calculations
show that 0 is also a lower bound.

¢(a) > lim kLNQTlog Z p(vh, .. .v¥) =o.

N J/

As sz is the unique zero of ®(s), we just proved that sz = a. ]

Proof of Theorem[3.2.9. We fix an arbitrary regular CPLIFS F of order N,
for which the generated self-similar IFS Sz satisfies the ESC. Let .7 =
{Sataca be its associated self-similar system as defined in Section [3.1] Since
the ESC holds for Sz, it also holds for ., as it is a subsystem of S¥ (see

131)-
Recall that the measure m defined in ([3.21)) satisfies

spt(TLy.m) = AT

We also know that A(m)/x(m) = «a by (3.25). Now we can apply the Jordan
Rapaport Theorem (Theorem [2.3.7)) to obtain

min{1,a} < dimy A”.
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Applying Lemma yields
min{1, sr} < dimg A7 < dimg A7 < min{1, sz},
where the last inequality comes from Corollary [1.0.1] O

Proof of Theorem [3.2.1] assuming Proposition[3.2.5. Fix an arbitrary type
£=(I(1),...,1(m)) and p € R Let us define the exceptional sets

small*

Fpi={(6,7) € B X R™ : iy AT £ 5,},
E,psc = {(577-) c BEx R™ - S r.rp does not satisty ESC} ,

By ireguar = { (b,7) € Bt x R™: F7#) ig not regular } . (3.38)
Using this terminology Theorem asserts that
Ep C Ep,ESC U Ep,irregular- (339)

Recall that the mapping ®, (defined in (3.4))) associates each (b, ) € Bt xR™
to a vector t € RET™ uniquely. ®,(b,7) is the translation vector of .z .
Hence, by Hochmann’s theorem (Theorem [2.3.6))

dimp ®,(E,psc) < L+ m.
According to Claim ®, preserves Packing dimension, and thus
dimp E, gsc < L +m.
It follows from Proposition that
dimy B irregular < L + m.

Combining with the last two inequalities completes the proof of the
first half of the Theorem.

To prove the second half, let .= be the associated self-similar IFS of F,
and let m be the measure defined in (3.21). Then, according to and

Lemma [3.2.9] the invariant measure II,..m satisfies (3.27]). O

3.2.2 The proof of Proposition (3.2.3

Our aim in this section is to verify Proposition [3.2.3] That is we will prove

that the attractor A” of a dimp-typical small CPLIFS F does not contain

any breaking points. More precisely, we prove that for every p € %ﬁmall

dimP (Ep,irregular) S L +m — 1 + Sk (340)
where Ej jiregular Was defined in (3.38) and 0 < s, < 1 is defined by

> =1
k=1
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Proof of Proposition[3.2.3. By symmetry, it is enough to prove that
by ¢ A7, for a dimp-typical small CPLIFS F.

Fix an arbitrary type £ = (I(1),...,I(m)) and a p € R We always

small*

assume that (b,7) € B¢ x R™, and write A®7#) for the attractor of the
CPLIFS F®mP). As usual, we write L := >_ I(k).
k=1
For arbitrary U < V/, let

Eyy = {(b,7) € (BN (U V)5) x (U V)™ : by € AT (U, V)}.
To show that holds, it is enough to prove that for all U < V' we have
dimp Eyy < L+m —1+s,. (3.41)
From now on we fix U < V and write
A= {(b,7) € (BN (U, V)E) x (U, V)™ : AbTP) (U, V)}.
Let D be an arbitrary closed cube contained in A:
D = Dy x D,, where D; C R and D, C RET™1,
To verify we need to prove that
dimp(Eyy N D) < L+m—1+s,. (3.42)
For an r > 0 we define a kind of symbolic Moran cover
M, = {(k‘l, cos k) €XF L pkyk, | ST < |pk1.,‘kn_1|} . (3.43)

By a standard argument it is easy to see that

<HM, < 5——. (3.44)
[ ntin/rs*
Clearly, for all » > 0 we have
EyvnND = U fN{kl ..... fon s (3.45)

~~~~~~

.....
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enough to prove that there exists a constant C; which may depend on D but
independent of r and (kq,...,k,) € M, such that

i

7nL—Hn—l )

Namely, putting together this and (3.43]) we get from ({3.45)) that

Niyog (1) < Vr >0, (k... k) € M, (3.46)

MB(EuvﬂD)SL—Fm—l—f—S*

for all cubes D C A, which implies (3.42). Using that A is the countable
union of such cubes we obtain (3.41)).

Without loss of generality we may assume that U = 1. Now we fix an
r > 0 so small that for every (b,7) € D and (ky,...,k,) € M, we have

1 1 1
(b‘rp .
0,V+1 - V+- d < Dy|, —¢.
oy e (v ) and ol <min{ D1l g b
We also fix an arbitrary (ki,...,k,) € M,. Now we verify (3.46). For the
duration of this proof we introduce the following notation

n:= (bl’g, . 7b1,l(1)7 Ce bm,l» .. ;bm,l(m)a Tl .- ,Tm) € Ds.

That is, instead of (b,7), from now on we write (by1,9) € D = Dy x Ds. Let
Bkb1 M be the set of breaking points of the function fkbl w’p)(') and we write
Bkb1 1M for the set of breaking points of fkb1 v 7“D)( -). Then

n
b b1,1, - — b1,1,
B}f; 1kn) _ I(anl n) U U fknl 0.0 fkplBl(qpl,i m
=2

The complement (B,i?jbé?)c is the union for all (iy,...,7,) € [I(k) + 1] %

- X [I(ky) + 1] of the open intervals
J(klﬂl)(knyln) = Jknﬂn m Sk_n{in<‘]kn—lain—1) m e m Sk‘_nl,ln ©---0 Sk‘Q ZQ(Jklyil)
= {x E Jknyln : Sknﬂn (‘T) 6 Jkn—lﬂ’n—l? A 75(]()2,22)(5]@”7“1)('1.) E Jklﬂ'l} *

Let J (k1,i1)...(kn,in) D€ the closure of Jkl i1)...(knin)» then by the formulas
and - we obtain that for all x € J (k1,i1)...(knsin) WE have

(b ~
fkflkf”( )= Pn-

+ Z ﬁj*l\(Tkj + bkj,1<pkj71 - ij,2) +ee bkjyij (pkj,ij - Iakjyij+1))l7 (347)

j=1 ~
bji
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a simple calculation

small?

q
where p, := [[ pk..i.. Using[3.47 and that p € 2R
z=1

shows that f,f:i’lz:p ) always has the following properties.

Claim 3.2.10. For a fived x and kq, ..., k, the following hold.

(a) The function fkb“"p (x) is piecewise linear in all of its variables Ty
and by 4. So, if we fix all variables but one, then the partial derivative,

against the variable which is not fixed, exists at all but finitely many
points.

The next two assertions are meant in the sense that the estimates hold
where the partial derivatives exist.

(b) For every p € [m] and q € [I(p)] we have

0bp q

(c) For every k € [m)]

<2. (3.49)

DfA ™) ()
aTk

Clearly,

AR e = (D) = (V = D SE5D D) + (V= Dptan )

and we also have

[A{vkl---kn C Kkl---kn = {(bLl,n) eD: b171 € I(bl’l’n)} . (350)

Like above, we write Ny, ., (r) for the minimal number of r-mesh cubes

required to cover the set Ky, .. By (3.50) Nklk” (r) < Ny, .k, (r). Hence
to verify (3.46)) we only need to prove that

Lemma 3.2.11. There exists a constant Cy which is independent of r and
(k1, ..., kn) € M, such that

C
Ny, (1) < Mﬁ Vr >0, (k... k) € M,.
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Proof of Lemma[3.2.11 Fix r > 0 and (kq,...,k,) € M,. We define the
mapping G : D — (%,V + %),
b1,1,
Glora,m) = fi, 50 (1) = (V = 1)y
Observe that (3.48)) gives
0
8b1’1

G(bl,l,’l])‘ <7 for all nc DQ. (351)

Then for w := 2(V — 1)p, ., we have
Ky gy ={(011,m) € D :b1qg —w < G(big,m) < bi1}.

We introduce the stripe Z := {(z,y) € D; X R: 2 —w < y < x} and for an
n € Dy we write

Kglkn = {b171 - D1 : (bl,lyG(bl,lyn)) - Z} . (352)
It follows from (3.48)) that for all n € Dy we have
|G(b1,1,m) — G(biy +um)| <~lul,  bi1,bii+u € Din€ Do,

This immediately implies that

Claim 3.2.12. For every x we have

(a) (G(bm,ﬂ) > b1 — IE) = (G(b1,1 —u,m) >biy —u— ZE),
if bi1,b1p —u € Dy,

(b) (G(bl,laﬂ) < by — x) — (G(bl,l +u,m) < by +u— I)y

Zf b171, b171 +u € Ds.

Let us write d; and d, for the left and right endpoints of D; respectively.
We define a projective mapping Proj, : P(RE+™) — P(RL™-1)

VA C R¥™ : Projy(A) := {p € R**™': 3b;; such that (b;1,9) € A}.
Claim implies that
N € Projy(Ky, ,) < d —w < G(d;,n) & G(d.,n) <d,.
That is
N & Projy,(Ky, ,) <= G(d;,n) < d; —w or G(d,,n) > d,.
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Assume that d; < G(d;,n) and G(d,,n) < d, holds. Then there is a fixed
point of the function G(-,n). Let us denote it by Fix(G(-,n)). Now we define
the function ¢ : Dy — [d;, d,] as follows:

Fix(G(-,n)), ifd; < G(d;,m) and G(d,,n) < d;;
d,, it G(d,,n) > d,.
By (3.51)), this function is well defined, as v < 1.

T

B e

q("]l): // //,\

FIX(G(71]1)) 7 Yy Z

7’11}' ’

Figure 3.1: Visualization of the function ¢(n) defined in (3.53). The continu-
ous piecewise linear map G(-,n) is drawn for three different 5 values to show

examples for all cases.

Claim 3.2.13. The function q : Dy — [d;, d,| has the following properties

(a) q(n) is piecewise affine.

(b) There is a constant Ko such that all of the partial derivatives of the
function q(n) are less than Ky in absolute value.
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Part (a) is immediate from the formula (3.47). We obtain part (b) from
(3.48) and (3.49) either by a direct calculation or by applying the Implicit

Function Theorem. Now we put together (3.51)), (3.52) and Claim [3.2.12] to

obtain

2(V = 1)pp, .1,
1=~

In this way Ky, r, C Wk, k,, Where

Ki ok, C [Q(n),q(n) + ] , forall ne€ D,

2(V = 1) pry .k
Wik 1= {(5171,77) i € Dy,biy € {Q(’?)J](’?) + ( 1 _)jk : ]} (3.54)
Recall that D = Dy x Dy is a cube and Dy = (d;,d,). That is D,

is a translate of the cube (0,d, — d;)*™™~1. Hence we can cover D, by
L+m—1
({MW + 1> pieces of (L + m — 1)-dimensional r-mesh cubes,

pkl...kzn

since (ky,...,k,) € M,, and in this way
Pmin? < Phy.dey ST (3.55)

Let @ be one of these (L+m—1)-dimensional r-mesh cubes. To count the
number of (L + m)-dimensional r-mesh cubes needed to cover Proj;'(Q) N
Wi, ..k, it is enough to calculate the lenght of its projection to D;, as @
was already an r-mesh cube in one less dimensions. Pick an arbitrary n €
@, it defines a 1-dimensional slice in Proj,"(Q) N W, k.. By (3.54), the
length of this slice can never exceed 2(%)1”7 independently of the choice of n.
Further, the endpoints of such a slice depend on ¢(n). Then it follows from
part (b) of Claim that the set Proj,'(Q) N Wy, ., can be covered by

(L+m—1)- K- 2(‘/;/1) many (L + m)-dimensional r-mesh cubes. That

1
is we can cover Wy, . (and consequently Ky, . ) by

d—d] |\ 2V -1) _ G
([pkl---kn —‘ " ) (Lm—=1)- Ko 1—v = pbtm-l

r-mesh cubes with a suitable constant C; independent of r and (ky,...,k,) €
M., where in the last step we used (3.55)). This completes the proof of the
Lemma. O

As we already mentioned, Lemma implies that holds. That
is, using and (3:45)), we can cover Eyy N D with at most <2
(L + m)-dimensional r-mesh cubes. As it holds for all D C A and A is the
countable union of such cubes, we just obtained (3.41). Since U and V were
arbitrary, the proof of the Main Proposition follows.

O
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3.3 Application to graph-directed IFSs

Here we are going to make explicit an important consequence of Jordan and
Rapaport’s result [14, Theorem 1.1] related to the dimension of the attractors
of graph-directed self-similar systems on R.

Given a self-similar graph-directed IFS F with a strongly connected
graph. We will construct an ergodic and invariant measure p on the symbolic
space which is a Markov measure with the following property: the entropy of
p divided by the Lypunov exponent of p is equal to a(F), where a(F) was
defined in Definition 2.3.8] That is why p can be considered as the natural
measure for the self-similar graph-directed IFS F.

Using this and the Jordan-Rapaport Theorem (Theorem[2.3.7)), we obtain
in Corollary that the Hausdorff dimension of the push-forward measure
of p is the minimum of 1 and «(F) if ESC holds for the self-similar IFS S
associated to F. This can be considered as a generalization of part (b) of
Hochman Theorem (Theorem for graph-directed self-similar systems.

Throughout this section, we use the notation of Section Consider
a self-similar graph-directed iterated function system F = {F.(z) = r.x +
tetece with directed graph G = {V,£}. We may identify

V=lgd={L....q}, and £ ={er,...,en}.

We assume that G is strongly connected. Let £, be the set of infinite length
directed paths in G

o i={e=(e1,6€9,...) 1 t(ex) = s(exy1), Vk € N} .
Moreover, for [ € [q] we introduce
EL={e=(e1,e9,...) € Ex i 5(e1) =L}

We may identify £, with X, := {(z’l,ig, ) eMMN iz, =1, Vk e D\l},
where Z = (z;;){%-, is an M x M matrix such that

1, ift(e) = s(ej);
i = { 0, otherwise. (3.56)

Set [Ix(eq,eq,...) = lim, o0 Fe, ¢, (0). It is clear that the non-empty com-
pact sets {Hf(é'fo)}ée[q] satisfy (2.10)). Hence

A =TI£(&L), and A =T1x(Ex) (3.57)
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We define the natural pressure function as

.1 s
d(s) = nhi& Elog Z | Fe(Agen)|’

ec&n

where the existence of the limit follows from the same standard argument
used in the proof of Claim [3.2.8f We assumed that G is strongly connected,
which implies that the matrix C®) we defined in (2.11) is irreducible. It is
easy to see that by the Perron Frobenius Theorem we have

®(s) = log o(C™),

where g is the spectral radius. According to [16, Theorem 2| ®(s) is con-
tinuous, strictly decreasing, ®(0) > 0, and lim,_,,, ®(s) = —oo, thus there
exists a unique 0 < sz for which ®(sz) = 0. For a self-similar GDIFS with
strongly connected graph we call sz the natural dimension of the system. By
Definition it is clear that

SF=a. (3.58)

Definition 3.3.1. We call S = {Sk(z) = rekx+tek},§i1 the self-similar
IFS associated with the self-similar GDIFS F. Clearly,

Sk‘At( = Fek’At(ek)'

ek)

Now we show that Part (a) of Theorem [2.3.9 combined with Jordan Rapa-
port Theorem (Theorem implies that under some conditions, part (b)
of Hochman’s theorem holds for self-similar graph directed attractors as well,
with sz in the place of dimg A.

Corollary 3.3.2. Let F = {F.} .. be a self-similar GDIFS on R with dir-
ected graph G = (V, &) and attractor A. Further, assume that G is strongly
connected, and that the self-similar IFS S associated to F satisfies the ESC.
Then

dimyg A = min{1, sz}.
Proof. Since G is strongly connected, we can apply Theorem to obtain
dimyg A < min{a, 1}, since A C R. (3.59)

In order to prove the opposite inequality, first we define an ergodic invariant
measure ;4 on V. To do so, we recall the definition of o from Definition
and using that we consider the irreducible matrix A = (a, ;)7 ;—, = C@. Let
u = (uy,...,u,) and v = (vy,...v,) be the left and right eigenvectors of A
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respectively, corresponding to the leading eigenvalue 1, normalized in a way

that
q

q

Zukvk: 1, kazl, Uk, Vg > 0.

k=1 k=1

We define the stochastic matrix P = (p(i, j))j =, and its stationary distribu-

tion p = (p1,...,py), related to the matrix A. That is

a(i,j)vj
Y

pi =iV, 4,7 € [CI]
V;

p(i, j) =
Clearly, p is a probability vector and we have
pT . P = pT.

With the help of these we can define the (p, P) Markov measure p on n-
cylinders [vy, ..., v,] € V" as follows [27], p. 22|

,u([vl? s 7Un]) ‘= DPv1 * PviwaPua,vs * " Pop_1,0n

According to [27, Theorem 1.19] this extends to an ergodic, invariant measure
on VN, There is a natural bijection between spt(u) C VN and €., where spt(-)
denotes the support of the measure and

spt(p) = {(vi,v,...) € VW1 (v, v541) €E, forall i € N}.
For a (vy,vq,...) € spt(u) we define

Vv, v9,...) = ((v1,v2), (V2,03),...) € Ex,

where the inclusion holds since p is only supported on vertex series (vy, vo, . . . )
€ VM for which (v;,v41) € € for all i > 1. Thus the pushforward measure
v = U, onto E is also ergodic and invariant with respect to the left shift o.
Observe that there is a natural embedding ¥ : (£x,0) = ([M]Y, o) defined
as W(e;,, €y, ... ) = (i1,42,...), where we write o also for left shift on [M]M.
With the help of the matrix (3.56) we already defined ¥, = ¥(€,). The
push forward measure ¥, is an invariant ergodic measure supported on Y.

Let IIs : [M]™ — R be the natural projection corresponding to S. All the
symbolic spaces and their relations we introduced so far are summarized on
these diagrams:

spt(p) —==spt(p)  Ex —= Tz

0| |o AALH

Soo—o->goo

Yz Yz
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It is immediate that both diagrams are commutative. This and (3.57)) imply
that
spt (s« (T,v)) = A. (3.60)

Analogously to (3.23) and (3.24), easy calculations give us the entropy and
the Lyapunov exponent of W, v:

1 1
h(V,v) = — lim —logv(e|,) = —a lim —logre,

n—oo N n—oo 1,

1
Xv,, = — lim —logre,,
n—oo 1,

for v-almost all e = (e1,ez,...) € Ex, where 1o, = 7¢,. ., stands for the
contraction ratio of Fg,,. Hence we have

h(V,v)
X v

= a. (3.61)

We assumed that the ESC holds for S, and we have seen that W, is an
invariant and ergodic probability measure. Thus we can apply the Jordan
Rapaport Theorem (Theorem [2.3.7)) to obtain that

dimyg A > min{a, 1}, (3.62)

by substituting (3.60) and (3.61)) into the theorem.
Together (3.62) and (3.59) yields

min{«, 1} < dimyg A < min{a, 1}. (3.63)
According to (3.58)) s = «, hence (3.63) implies

dimpg A = min{sg, 1}.
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Chapter 4

Equality of dimensions

In this chapter, we are going to prove the following, improved version of the
first half of Theorem 3.2.11

Theorem 4.0.1. Let F be a dimp-typical CPLIFS, then
dimyg A = dimg A = min{1, sx}.

Unlike in the case of small CPLIFSs, it is an open question wether the
Hausdorff dimension of the attractor A is equal to the Hausdorff dimension
of an ergodic invariant measure of the IFS.

Using Markov diagrams, the proof of this theorem will also show how to
obtain invariant measures whose Hausdorff dimension approximates dimy A.

4.1 Markov Diagrams

P. Raith and F. Hofbauer proved results on the dimension of expanding
piecewise monotonic systems using the notion of Markov diagrams [22] 24
11]. We will define the Markov diagram in a similar fashion for CPLIFSs, and
then use it to prove that sz equals the Hausdorff dimension of the attractor
for non-regular systems as well, under some weak assumptions [20].

Building Markov diagrams

Let F = {fx}y, be a CPLIFS, and let I be the interval defined by (1.2).
We write Iy := fx([) and Z = U] I. For k € [m],j € [I(k) + 1], we define
frj + Juj — I as the unique linear function that satisfies Vo € Jy ; @ fi(x) =
fr,j(z). We call the expansive linear functions

Vk € m]Vi€ll(k)+1]: fi): fuldig) = Ty,
Vo € iy fij(fr(@) =2
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fs

f2

h

b1 b3.1 b2 b3.2

Figure 4.1: A CPLIFS F = {fi}}~, is on the left with its associated ex-
pansive multi-valued mapping 7" on the right. The critical points are marked
according to the color scheme of Definition [{.1.1]

the branches of the multi-valued mapping 7. As the notation suggests,
these are the local inverses of the elements of F.
We define the expanding multi-valued mapping associated to F as

T:I=PPI), T():={{fi;@)}} e

That is the image of any Borel subset A C 7 is

T(A) = {{fk_jl(iﬂ) ST E A}}ke[m],je[l(k)}'

Note that instead of forming an union, we differentiate between the preim-
ages produced by different branches. This will enable us to investigate the
consequences of having overlappings in the construction.

Definition 4.1.1. We define the set of critical points as
m m I(k
K= Ui {(0), £ (D} | Ui Ui faleg)
{x € I‘Elkl,kg € [m], 371 € [l(k1)], Tj2 € [L(k2)], k1 # ko : fk_l}jl(x) = fk_zlh(x)}
Definition 4.1.2. We call the partition of T into closed intervals defined by

the set of critical points K the monotonicity partition Z, of F. We call
its elements monotonicity intervals.
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Figure 4.2: This figure shows how the set of successors w(Z) is obtained for
an interval Z. The blue points on the y-axis are denoting the monotonicity
partition.

Definition 4.1.3. Let Z € Z,. We say that the interval D is a successor
of Z and we write Z — D if

12y € 20,2' €T(Z): D = ZyN Z'.
Further, we write Z —,; D if
A%y € Z0: D = Zy O fi.1(2).
The set of successors of Z is denoted by w(Z) .= {D|Z — D}.

Similarly, we define w(Z) as the set of the successors of all elements of
Zy. That is
'LU(Z()) = UZGZow(Z)-

Definition 4.1.4. Let Z| be a finite refinement of the partition Z,. We say
that (D, —) is the Markov Diagram of F with respect to Z| if D is the
smallest set containing Z| that satisfies

vCeD:C—-D = DeD.
When Z| = Zy we simply call (D,—) the Markov diagram of F.
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We often use the notation

D, = U w'(Zy), where w'(Z5) = wo - - ow(Zp).
i times
Obviously,
D = Uisow'(Z). (4.1)

If the union in (4.1) is finite, we say that the Markov diagram is finite.
We define recursively the n-th level of the Markov diagram as

Z, = w(Zn1) \ UL 2,

for n > 1.

One can imagine the Markov diagram as a (potentially infinitely big) dir-
ected graph, with vertex set D. Between C, D € D, we have a directed edge
C — Dif and only if D € w(C'). We call the Markov diagram irreducible if
there exists a directed path between any two intervals C, D € D. In the next
lemma we prove that by choosing an appropriate refinement ), of Zy, the
Markov diagram (D', —) of F with respect to ), always has an irreducible
subdiagram. Further, the elements of D’ cover A. It implies that (D', —)
is sufficient to describe the orbits of the points of A. That is, Lemma [4.1.5
enables us to assume that the Markov diagram (D, —) of F is irreducible
without loss of generality.

Lemma 4.1.5. Let F be a CPLIFS with attractor A, and let (D(),),—) be
its Markov diagram with respect to some finite refinement Yy of the mono-
tonicity partition Z,. For the right choice of Vo, there exists an irreducible
subdiagram (D', —) of (D(y), =), such that the elements of D' cover A.

Proof. For k € [m], let ¢, be the fixed point of f,. We assume without loss
of generality that ¢; < ¢; if i < j for i,j € [m]. Let ) be the refinement of
Zy with ¢. That is, ) is the partition of Z defined by K U {¢}.

There are at most two intervals in ) that ends in ¢, we write Y; and Y5
for them. Let D’ be the set that contains Y1,Y5 and all of their successors
which intersect A. In particular,

D =MY O CZ3n>0,3j€{1,2}: Cew"(V) &CNA#0}.

Obviously, (D', =) is a subdiagram of (D())), —). Let C € D' be an arbit-
rary interval. The attractor A is the invariant set of F, thus some element
of w(C) also intersects A. It follows that there are no deadends in (D', —),
every directed path can be continued within the subdiagram. That is

VO €D,3DeD :C — D.
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Since CNA # () and the elements of F are strict contractions, there exist
N >0and k= (ky,...,ky) € {1,...,m}" such that fi(I) C C. Then, the
elements of the set

{CN S D/Hjl, ce N C kg1 kNN CN}
cover I and hence the attractor A. We just obtained that
VC e D')VU CZ:3n>0,3C" € w"(C) such that C'NU #0.  (4.2)

By applying to a U neighbourhood of ¢4, it follows that from every
C € D' there is a directed path in (D', =) to some C’ € D’ that ends in ¢;.
Since ¢ is the fixed point of the expansive mapping f; ', if ¢, € C € D/,
then there must be a directed path in (D', —) from C to either Y; or Y;. By
applying again, there are directed paths in (D', —) between Y; and Y5,
thus it is indeed an irreducible subdiagram. O

4.1.1 Connection to the natural pressure

Similarly to graph-directed iterated function systems, we associate a matrix
to Markov diagrams, that will help us determine the Hausdorff dimension of
the corresponding CPLIFS (see [§]).

Definition 4.1.6. Let F = {fx}}, be a CPLIFS, and write (D,—) for
its Markov diagram. We define the matriz F(s) := Fp(s) indexed by the
elements of D as

" ifC = D

F©)ep = {Z(k’”w’“’”l) " (13)

0, otherwise.

We call Fp(s) the matrixz associated to the Markov diagram (D, —).

We used in the definition, that fora D € D with C' —(; ;) D the derivative
of fi; over D is a constant number. That is each element of F(s) is either
zero or a sum of the s-th power of some contraction ratios.

This matrix can be defined for any C C D as well, by choosing the indices
from C only. We write F¢(s) for such a matrix. It follows that F¢(s) is always
a submatrix of F(s) for C C D.

We write E:(n) for the set of n-length directed paths in the graph (C, —).

Ee(n) ={((k1,71),---, (kn,jn))’EIC’l, ., Chi1 €C:
Vg € [n), 3k, € [m], j, € [I(k)] : Cf = (ky5,) Cas1}
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An n-length directed path here means n many consecutive directed edges,
and we identify each such path with the labels of the included edges in order.
Each path in (D, —) of infinite length represents a point in A, and each point
is represented by at least one path. Similarly, for C C D the points defined
by the natural projection of infinite paths in (C,—) form an invariant set
Ac € A. We define the natural pressure of these sets as

1
Dc(s) := limsup - log Z ||, (4.4)
k

n—oo

where the sum is taken over all k = (ky,...k,) for which 351, ... 7, : ((k1,71),
ooy (knydn)) € Ec(n), and I is the interval defined in (1.1)). By the definition
of D it is easy to see that Op(s) = D(s).

Remark 4.1.7. Let )y be a finite refinement of the monotonicity partition
2y, and let (D', —) be the Markov diagram of F with respect to Vy. Obviously,

Vs> 0: ®p(s) = Ppi(s).

Namely, the summation on the right hand side of (4.4) is taken for the same
set of words when we compute Pp(s) and Pp(s).

We will show, that the unique zero of the function ®p(s) can be approx-
imated by the root of ®¢(s) for some C C D. To show this, we need to
connect the function ®¢(s) to the matrix Fe(s).

As an operator, (Fp(s))” is always bounded in the [*°-norm. Thus we
can define

oFe(s)) := lim [[(Fe(s))" 1"

Lemma 4.1.8. Let C C D. If (C,—) is irreducible, then

Dc(s) < logo(Fe(s)). (4.5)
If (C,—) is irreducible and finite, then
De(s) = log o(Fe(s))- (4.6)

Proof. First only assume that (C,—) is irreducible. Since it is irreducible,
we can think about (C,—) as the Markov diagram of some IFS with level n
cylinder intervals {/; }ice,(n)-

Fix k = (k1,...,k,) € [m]™. There are at least one, but possibly several
directed paths of length n in the graph with labels ((k1,71), ..., (kn, jn)) for
some ji,...J,. Each of these paths corresponds to a unique entry in Fj(s).
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The biggest one of these entries times |/] is an upper bound on |[|®. Since
every n length path starts at some element of Z,, we obtain that

D < 120] - IFEs)llos - 11, (4.7)
k

where the sum is taken over all k = (ky,...k,) for which 351, ... 7, : ((k1,71),
oy (knygn)) € Ec(n). By taking logarithm on both sides, dividing them by
n, and then taking the limit as n — oo, we obtain (4.5)).
Now assume that C is finite, and write N for the highest level of the
Markov diagram. It means that for every |k| > N, the cylinder interval Iy
is contained in an element of C. That is

¥n > 0 min [L[IFE(s) e < DO 1A" < max 5| 20l [FE6) . (48)
k

where the sum in the middle is taken over all k = (k1,...kn,) for which

g1, N (B g1),s oo (BN Jvgn)) € Ee(N +n).

It follows that (4.6)) holds.
]

Let (Ci,—),(Ce,—),... be an increasing sequence of irreducible sub-
graphs of (D, —). It follows from Seneta’s results [25, Theorem 1] that the so
called R-values of the matrices F¢, (s) converge to the R-value of F(s). For
an irreducible finite matrix A we always have R(A) = @, then the con-
vergence of the spectral radius o(Fe, (s)) to o(F(s)) follows. Altough F(s)
may not be finite, the relation R(F(s)) = m can still be guaranteed by
some assumptions. That is why the following property has a crucial role in
our proofs.

Definition 4.1.9. Let F be a CPLIFS and Y be a finite refinement of the
monotonicity partition Zy. Let (D()),—) be the Markov diagram of F with
respect to Y, and let F (), s) be its associated matriz.

We say that the CPLIFS F is limit-irreducible if there exists a Y such
that for all s € (0,dimyg A the matriz ¥ (), s) has right and left eigenvectors
with nonnegative entries for the eigenvalue o(F(Y, s)).

We call this finite partition Y a limat-irreducible partition of F and
(D(Y),—) a limst-irreducible Markov diagram of F.

In the next section we show how being limit-irreducible implies that the
Hausdorff dimension of the attractor is equal to the minimum of the natural
dimension and 1. Later, in Section we investigate what makes a CPLIFS
limit-irreducible.
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4.2 Proof using the diagrams

We have already shown a connection between the Markov diagram and the
natural pressure of a given CPLIFS. Now using this connection, we show that
the natural dimension of a limit-irreducible CPLIF'S is always a lower bound
for the Hausdorff dimension of its attractor, by approximating the spectral
radius of the Markov diagram with its submatrices’ spectral radius.

As in |22], the following proposition holds.

Proposition 4.2.1. Let F be a limit-irreducible CPLIF'S, and let (D, —) be
its limit-irreducible Markov diagram. For any € > 0 there exists a C C D
finite subset such that

o(F(s)) — e < o(Fc(s)) < o(F(s)), (4.9)
where F(s) is the matriz associated to (D, —).

The proof is essentially the same as the proof of [22] Lemma 6 (ii)]. We
obtain the following theorem as the combinations of |22, Theorem 2| and
Theorem B.3.21

Theorem 4.2.2. Let F be a limit-irreducible CPLIFS with attractor A and
limit-irreducible Markov diagram (D,—). Assume that the generated self-
similar system of F satisfies the ESC. Then

dimy A = min{1, sx},
where sy denotes the unique zero of the natural pressure function ®(s).

The proof is similar to the proof of Theorem 2 in [22].

Proof. By Corollary [1.0.1} dimy A < min{sz, 1} always holds. It is only left
to prove the lower bound.

Choose an arbitrary t € (0, sz). The natural pressure function is strictly
decreasing and has a unique zero at sz, hence ®(¢) > 0. The same can be

told about the spectral radius of D, according to Remark 4.1.70 (D, —) is
irreducible, but not necessarily finite, thus Lemma gives

0<P(t) <logo(F(t)).

Pick an arbitrary € € (0,0 (F(t)) — 1). According to Proposition [4.2.1]
there exists a C C D subset satisfying (4.9) for this e. That is

3C C D finite : log o(F¢(t)) > 0.
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Then applying Lemma [4.1.8 again gives
0 <log o(Fe(t)) = c(?), (4.10)

since C is finite.

For a finite C the induced attractor A¢ belongs to a graph-directed IFS
with directed graph (C,—). Since the generated self-similar system satisfies
the ESC, we already know from Corollary that

dimg A¢ = min{sc, 1}, (4.11)

where s¢ is the unique root of ®¢(s).
Assume first that sz < 1, which implies s¢ < 1 for all C C D. Together

(4.11) and (4.10) yields
0< (I)C(t> = t < s¢ =dimgy AC < dimg A’

and it holds for any ¢ € (0,s7). Thus sz < dimy A.

When s > 1, we can find a C C D for which dimygAc = 1. It is a
simple consequence of Lemma [4.1.8] Proposition [£.2.1] and (4.11)). Therefore
the lower bound that covers both cases is

min{sr, 1} < dimg A.
[

Remark 4.2.3. As for all finite subdiagram (C,—) the set A¢ is a subset of
A, and by Corollary we can always find an invariant ergodic measure
supported on Ac satisfying dimyg Ae = dimyg p, we also obtained that

dimyg A = sup{dimy p : p is ergodic and invariant,supp(u) C A},
of Fis limat-irreducible.
The proof of Theorem also implies the following.

Corollary 4.2.4. Let F be a limit-irreducible CPLIFS with limit-irreducible
Markov diagram (D, —) and attractor A. Let F(s) be the matriz associated
to (D,—). Then for all s € (0, sF]

log o(F(s)) = ®(s).

We are left to prove that limit-irreducibility is a dimp-typical property of
CPLIFSs.
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4.3 What makes a CPLIFS limit-irreducible?

It is hard to check if a CPLIFS F = {fi}}~, is limit-irreducible, that is if it
satisfies definition In this section, we verify the following proposition
by a case analysis.

Proposition 4.3.1. Let F be a CPLIFS with generated self-similar system
S. If § satisfies the ESC, then F is limit-irreducible.

Theorem is a straightforward consequence of Proposition and
Theorem [4.2.2]

According to [I1, Corollary 1], if all functions in F are injective and
the first cylinders are not overlapping, then F is limit-irreducible. This
observation was utilized by Raith in the proof of [22, Lemma 6].

In this section we always assume that s € (0, dimyg A]. The overlapping
structures may induce multiple edges in the Markov diagram. In the associ-
ated matrix F(s) each multiple edge is represented as an entry of the form
Py, t o+ Pk, for some n > 1. Since these entries can be bigger than 1
in absolute value, the assumptions of [L1, Corollary 1] do not hold. We need
to investigate under which conditions can [I1 Corollary 1/ii] help us.

Lemma 4.3.2 (F. Hofbauer [I1], Corollary 1/ii|). Let F = {fx}72, be a
CPLIFS with monotonicity partition Zq and Y be a finite refinement of 2.
Let (D,—) be the Markov diagram of F with respect to Y and F(s) be its
associated matriz. If F(s) can be written in the form

o-[; 4

such that o(F(s)) > o(S), then F is limit-irreducible with limit-irreducible
partition ). Here P,Q), R, S are appropriate dimensional block matrices.

For the convenience of the reader we also present Hofbauer’s proof here.

Proof. We follow the proof of Corollary 1/ii right after Theorem 9 in [I1].
Let X := o(F(s)) and I, be the d dimensional identity matrix. We write dp
and dg for the dimensions of the square matrices P and F(s) respectively. It
follows that dg = dp — dp. We remark that dr and dg may not be finite.

As A > 0(9), (Iyg — xS)™' = D02, 2" S* exists for |z < A7 and has
nonnegative entries for 0 < z < A7'. For E(z) = P+ z2Q(I — zS5)™'R we
have the following matrix equation

I —zE(x) —zQ( —zS)™! I 0
0 I —aR I —28

} =1 —2F(s), (4.12)
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for all |z| < A7!. Since A = o(F(s)), we find an = with |z| = A™! such that
I — 2F(s) is not invertible. Fix this  number. By (4.12)), knowing that
both I and (I —2S)~! are invertible, we get that I —zFE(z) is not invertible,
i.e. o(E(z)) > X. Since the entries of E(]z|) are greater than or equal to
the absolute values of the entries of F(x), we get o(E(A\™')) = o(E(|z|)) >
o(E(z)) > A. Note that E(x) is a finite matrix.

For t € (0,\7!] the map ¢ — o(E(t)) is continuous and increasing, since
the entries of E(t) are continuous and increasing in ¢. Since o(E(A71)) > A,
we find a y € (0,\7!] with o(E(y)) = y~'. Since E(y) has nonnegative
entries, this implies that I — yE(y) is not invertible. Hence I — yF(s) is
not invertible by ([4.12). As XA = o(F(s)), we get y = A~'. Since E(y) is
a finite matrix, we find a nonnegative vector u; with ui(/ — yE(y)) = 0.
Set uy = yu 1 Q(I — yS)~', which is a nonnegative ' (dg) vector, as the rows
of Q are in ['(dg). Hence u = (uy,us) is a nonnegative [*(dr) vector and
u(l — yF(s)) =0 by (4.12). That is u is a left eigenvector for A = o(F(s)).

Similar calculation for the transpose of F(s) yield a nonnegative {*°(dr)
vector v with (I — A™'F(s))v = 0.

O]

Lemma implies that for s € (0, dimg A) we have o(F(s)) > 1, where

A is the attractor of the CPLIFS F. Therefore, in order to apply Lemma
4.3.2, it is enough to show that

lim ¢ (Fp\py(s)) = 1. (4.13)

N—oo

If holds, then Fp\p,(s) can take the place of the submatrix S in
Theorem for a big enough N.

In the special case of expansive piecewise monotonic mappings, was
verified by F. Hofbauer |11, Corollary 1/i]. To extend his results to CPLIFS,
we need to show the same for our expansive multi-valued mappings 7. The
only difference between our and his Markov diagrams is the occurence of
multiple edges, caused by the possible overlappings. We note that not all
of the overlappings induce multiple edges, as monotonicity intervals of the
same level might overlap.

Definition 4.3.3. Let Z € Z be an element of the base partition, and let
f,;l}jl,f,;}h be two different branches of the erpansive multivalued mapping

T. We say that fk_l}jl and f,;jz cause an overlap on 7 if

int(fi,5,(Z)) Nind( fi,,(Z)) # 0,

where int(A) denotes the inerior of the set A. If 3z € Z : f,;}jl(z) = f,;h(z),
then we call it a cross overlap, otherwise we call it a light overlap. See
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A A

Light overlap Cross overlap

Figure 4.3: The two types of overlappings.

Figure[{.5 We call the branches that cause an overlap over the same inter-
val cross overlapping branches or light overlapping branches, respect-
wely.

Note that the graphs of the branches of T can only intersect at the end-
point of some base interval Z € Z; (see Definition [£.1.2). We say that the
order of overlapping is K if the maximal number of branches of T that
have intersecting domains is K.

4.3.1 The case of light overlaps

Lemma 4.3.4. Let F be a CPLIFS with only light overlaps. Then, there
exists a finite partition ) such that the Markov diagram of F with respect to
Y do not contain any multiple edges.

Proof. Let K be the order of overlapping of F and T be the multi-valued
mapping associated to F. First assume that the branches of T" overlap only
above Z € Z, and write fk_l}jl, e ,fk_KlJK for these branches. Since we only
have light overlaps, without loss of generality we may assume that Vo € 7 :

Frpngs (@) < fio g, (@) i B <.
Let us define

e:=max{c'>0|Vfe [K -1 ,VACR,|A| =¢: (4.14)
Tierios () 0 fi 5, (A) = 0}
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Figure 4.4: If the interval A C Z is small enough, then its images by the
three light overlapping branches are disjoint.

Since we only have light overlaps, ¢ is a well-defined positive number.
The images of any interval A C Z with length at most € by the branches
fk_l}]’l’ ey fk_Kl,jK must be disjoint. It is illustrated on Figure

Let Y7 be a finite partition of Z whose elements are all have length at
most €. By substituting )z in the place of Z in Z,;, we obtain a finite
refinement Y of Z,. By (4.14), there are no multiple edges in the Markov
diagram of F with respect to ).

Assume now that light overlaps occur above ¢ > 1 many monotonicity
intervals Z;,...Z, € Z,. For each i € [¢], let ¢; be the number defined in
using the branches above Z;, and let )z be a finite partition of Z;
whose elements are all have length at most ;. By replacing Z; in Z; with
Yz, for every i € [¢], we obtain the finite partition ). The Markov diagram
of F with respect to ) does not contain any multiple edges. O]

Lemma implies that for a CPLIFS with only light overlaps [I1]
Corollary 1/i] also holds.

Proposition 4.3.5. Let F be a CPLIFS with only light overlaps, and for a
finite partition Y let (D(Y),—) be the Markov diagram of F with respect to
Y. Then there exists a Y finite partition such that

im0 (Foeyom)y () =1, (4.15)

where F(s) is the matriz associated to (D(Y), —).

For the convenience of the reader, we include here a modified version of
the proof of |11, Corollary 1/i].

60



Proof. According to Lemma there exists a ) finite refinement of Z
such that there are no multiple edges in (D, —) := (D()),—). Fix N > 1,
and let Z € D\ Dy. Further, let (ky,71) be the label of one of the edges
from Z, and let (k1,71), ..., (kq, jq) be a sequence of labels corresponding to
a path of directed edges in D \ Dy for some arbitrary ¢ > 0. We will show
that if ¢ < N, then (ky, j1), ..., (ky, J,) defines at most two directed paths of
the form Zp =2 — Z; — --- — Z,in D\ Dy.

Assume that ¢ < N and one of the endpoints of Z is a critical point.
Without loss of generality suppose that Z = [w,x] where w € K. The
successors of Z by the branch (ki, j1) can only end in fk’l}jl (w), f,;?jl (x) or at
some critical point. Out of them only at most one is in D\ Dy, since intervals
of the form [a, b] where a € T" vy, b € T™vy, v1,v9 € K,0 <'iy,i5 < N are all
contained in Dy. Namely, the interval which ends in f;_ le (x). Therefore Z;
is uniquely defined. Similarly, Z; must be that sucessor of Z;,_; which ends
in fk’l] o---0 fk’l?jl(x), for i € [¢]. So in this case Z,...,Z, are uniquely
defined.

If none of the endpoints of Z = [z, y] is a critical point, then there are at
most two successors of Z in D \ Dy. Both of these intervals end in a critical
point, so we can apply the previous argument for them. Thus we have two
versions for 7, ..., Z,.

We just showed that in the matrix (FD\DN(S))HN, in the row of an arbit-
rary Z € D\ Dy there are at most 2" - K many non-zero elements for all
n > 0. Here we used KV as an upper bound for the possible number of N
length paths in D\ Dy. It follows from Lemma that the elements of

(FD\DN(S))nN are all bounded from above by 1, since there are no multiple
edges in (D, —). Thus
0 (Foin(9)) < VIl (Foioy ()™ e < V2rKN = V2. VK,
for any n > 1, and with this the statement is proved. O
Lemma and Proposition together gives
F has only light overlaps = F is limit-irreducible.

That is for a CPLIFS F with only light overlapsand with a generated self-
similar system satisfying the ESC, we always have dimy A = min{l, sz},
where A is the attractor of F.

4.3.2 The case of cross overlaps
We call the elements of the set
{fE < I|E|k1, kg < [m], Eljl < [l(k'l)], 3]2 € [l(k'g)], kl 7é kz . fk_l}jl (.T) = fk;’ljz(l')}
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intersecting points. They form a subset of the critical points . Let
w € I be an intersecting point, then the elements of D can only contain w
as their endpoint. If D € D ends in w, then we say that D is causing cross
overlaps at w.

Lemma 4.3.6. Let F be a CPLIFS with associated expanding multi-valued
mapping T. Let xog € I be an intersecting point. If the generated self-similar
system S of F satisfies the ESC, then there is no finite N for which xq €
TN(I()).

Proof. We will prove the statement by contradiction and assume that there
is a finite N > 0 such that zq € TV (z¢). Let fk_’plji and félﬁ be two different
branches of T that map zy to the same value. These must exist since o 1S

an intersecting point. Without loss of generality, assume that the sequence
of branches ((k1,71), ..., (kn,jn)) maps xq to itself. Precisely,

Sivin © 0 i (w0) = 20.
The same holds for the sequence of branches ((k1,71), ..., (kn,jn), (K}, 77))
and ((k:l,jl),...,(k:N,jN),(kl,jAl)> as well,

For a given branch f;- ;, we write Sy ; for the corresponding element of
the generated self-similar IFS S. Tt follows that

S(kll7ji)7(k1,j1)7-~-7(kNJN)(x> = S(El,jAl):(k17j1)7--w(kN7jN)(m)'

Using these two functions, we can construct at least two identical iterates
with different codes for any level n > N. It implies that the ESC fails for
S. O

Lemma 4.3.7. Let F be a CPLIFS whose generated self-similar system sat-
isfies the ESC. Let T be the expanding multi-valued mapping associated to F
and W be the set of all intersecting points. Fiz P > 0. Then there exists a
finite refinement Y of Zy such that

VZ eYNweWNne[Pl:weZ = ZN(UT"(Z))=0. (4.16)

Proof. Let w € W be an arbitrary intersecting point. According to Lemma
1.3.6, Vn € [P] : w ¢ T"(w). That is, the distance of w and the set
Unerp)T™(w) is positive. Let d > 0 be this distance. Recall that py, de-
notes the smallest contraction ratio in F, hence 1/pni, is the largest slope of
T.
Let p € R be a point that satisfies
dpflin
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Let Z € Z; be a monotonicity interval that contains w, and let p be the only
point in Z that satisfies (£.17). Intersecting points are also critical points,
thus Z can only contain one such point. We cut Z into two closed intervals
by p and call them Yy, Y.

We can construct the pair of intervals Y, Y, for any monotonicity interval
Z € Zy that contains an intersecting point w € W. By replacing all Z in Z
that causes cross overlaps with the correspoding {Y7, Y7/}, we obtain a finite

partition ) that satisfies (4.16]). O

Proof of Proposition[{.3.1. We are going to construct a limit-irreducible par-
tition of F with the help of Lemma and Lemma [4.3.4] According to
Definition we may restrict ourselves to s € (0,dimy A). Then, s < sx
by Corollary It follows that o (F(s)) > 1, so we can fix an ¢ > 0 for
which o (F(s)) > 1+e.

Write M for the number of intersection points in the system and K for
the order of overlapping. Fix a P > 0 big enough such that

VK < "1+e. (4.18)

We apply Lemma to F and P to obtain the finite partition ). Let
(D, —) be the Markov diagram of F with respect to ), and let Z € ) be an
interval that causes a cross overlapping. Thanks to the construction of ),
Z does not intersect with its first P successors. In other words, no P length
directed path in D\ Dp can visit Z more than once.

Let Z.oss be the set of all images of Z by the different cross overlapping
branches defined above it. The elements of Z... are nested. Therefore,
using the cross overlapping branch with the biggest expansion ratio, we can
dominate every directed path of length at most P in D\ Dp that goes through
Z and contains an element of Z...s. This means that for every n € [P] and
for every directed path 7 - ¢y - -+ = C, in D\ Dp with 7 c Z
and C] € Z., there exists a directed path 27 — Dy — --- — D, in
D\ Dp such that D; is the successor of Z by a branch of the biggest slope,
and Vk € [n| : Cy C Dy. It is essentially the same as erasing all other
cross overlapping branches of T" above Z, see Figure We do the same
domination for all Z € ) that causes a cross overlapping. Let F™**(s) be
the matrix of this dominated system. We write max in the upper index
to indicate that after the domination the only cross overlapping branch left
above each Z that originally caused a cross overlap is the one with the biggest
expansion ratio.

Our new system, the one we obtained by dominating the cross overlapping
branches, can only have light overlaps. The Markov diagram of this system
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Figure 4.5: This figure illustrates how we handle cross overlappings by dom-
inating the branches around the intersecting point w with a branch of the
biggest slope. The nodes of the Markov diagram remain the same, we only
delete some edges.

w A

has the same nodes as the original, we only erased edges by the domination.

Using Proposition we get the finite refinement )’ of Y for which (4.15))
holds with F™#(s). That is there exists an N > P such that

0 ( %?\X%(s)> <1+e, (4.19)

where (D', —) is the Markov diagram of F with respect to )’. Let F'(s)
be the matrix associated to (D’,—). It follows from the construction of
the matrix F™*(s) that every entry of F™(s) is smaller or equal to the
corresponding entry of F’(s).

Now we show that the submatrix F%/\DN(S) has spectral radius smaller

than that of F'(s). Let Z € ) be one of those intervals that caused a cross
overlapping before the domination. Observe that in (D' \ D}, —) at most K
many directed edges start from Z. That is we dominated at most K™ many
paths in (D' \ Dy, —) with a single one. By this we obtain the upper bound

1 1
nP nP M npP nP
/ P max
(1 (Fonon )" 1) ™ = (VF)" (1 (F3,9) " 1)
for any 1 < n. It follows that
M
0 (Fopy () < (VE) -0 (P ) - (4.20)

We conclude the proof by substituting (4.19) and (4.18) into (4.20)

0 (Fipy (5)) < 142 < 0(F'(s)).
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According to Theorem [4.3.2] F is limit-irreducible. O

This proof suggests stronger description of limit-irreducibility. Namely,
the proof of Lemma [4.3.7]shows that if the CPLIFS F is not limit-irreducible,
then there must exist a crossing point b with a periodic orbit. This observa-
tion leads us to the next lemma.

Lemma 4.3.8. Let F be a CPLIFS with generated self-similar IFS S. If S
has no exact overlappings then F s limit-irreducible.

Proof. Let b € K be a crossing point, and let f,;;l,f,;}r be two branches
for which fk_]ll(b) = f,;}r(b). Arguing by contradiction, it is enough to show
that the existence of a path b — ;,— --- — b in (G, —) would imply exact
overlappings in S.

Let n > 0, and assume that for (k,, j,) ... (k1,71) we have

71 .
f(kﬂz.]n)(kl’]l)(kz.]l)(b) - b
Writing 7 = (k1, j1) . .. (kn, jn), it follows that
Skva‘ 0S50 Skajz 05 = Sk,jz 050 Sk,jr o 5y,

as these two similarities have the same slope and they take the same value

at b. That is the existence of such a word 7 indeed implies exact overlaps in
S. m

Remark 4.3.9. The proof of Lemmal].3.8 implies that limit-irreducibility is
connected to the crossing points of the IFS. If none of the crossing points has
a pertodic orbit, then the Markov diagram of F is limit-irreducible.
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Chapter 5

Graph-directed representations

It is important to note that not every continuous piecewise linear iterated
function system can be represented as a self-similar GDIF'S. We have to show
that the monotonicity partition of our CPLIFS admits a Markov structure,
otherwise the theory of GDIFSs cannot be applied. In particular, we must
have a finite Markov diagram.

A breaking point on the attractor with aperiodic coding immediately
implies that the Markov diagram is infinitely big. We have seen in Section 3.1}
that regular CPLIFSs always have an associated self-similar graph-directed
IF'S. In this section we cover the remaining third case of CPLIFSs that may
have some breaking points on the attractor, but only with periodic coding
[19].

5.1 Breaking points with periodic coding

Throuhout this section we will work only with CPLIFS F that satisfies the
following assumption.

Assumption 1. If a breaking point b of a function in F falls onto the at-
tractor A7, then it only has periodic codings in the symbolic space. Precisely,

Jdie X :1(i) =b = i is periodic, (5.1)
where 11 : X — A denotes the natural projection defined by F.

Let F = {fi}7, be a CPLIFS that satisfies Assumption (1} Let by, ...bg
be those breaking points of F that fall onto the attractor A := A7, and let
i1,...,1p € X be all the words that satisty

Vk € [Q,3) € [Q] : fib; = b;.
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Since there are only finitely many functions in F, and they are all piecewise
linear consisting of finitely many affine parts, Q" must be a finite number.

According to (5.1), by, ...bg can only have periodic codes. By definition,
we can obtain these codes by concatenating some words iy,...,i,. Note
that, as we have no separation condition on F, some breaking points might
have multiple codes, hence Q < Q'. Further, we write P for the smallest
common multiplier of the numbers [i;], ..., [iy|.

Now we have all the necessary notations to associate a self-similar GDIFS
to F. Consider the cylinders of level P:

AP = {f(A) :jeBP).

For a j € X7, we call ¢¢ € R the fixed point of the set C' € AT if C' = f;(A)
and fj(éc) = ¢c.

We construct the graph-directed sets from the elements of Ap in the
following way:

1. If C € AT does not contain any of the the points by, ..., bg, then C is
a graph-directed set;

2. If C = [¢,¢,] € AT contains a breaking point as an inner point, then
we cut C' into two new closed sets C~ := [¢, ¢¢], CT := [d¢, ;] by its
fixed point ¢¢c. The sets C—,CT are graph-directed sets.

That is, we can define the set GG of graph-directed sets in the following way.

VCeA" :Vje[Q]:b;¢C = CEG
JjelQ]:b;eC = C7,CT €.

We say that ic € XF is the code of the set C € AY if lI(ic) = C. This
way we can define the code of graph directed sets as well. In particular, if
C' € G\ Ap, then i :=1ic, where C' € Ap and C" € {C~,C*}. Note that
the graph directed sets C,Cy € G will share the same code if ¢, = C'_ and
Cy = C, for some C € AP,

Lemma 5.1.1. The elements of G do not contain any breaking point as an
mner point.

Proof. As F satisfies Assumption [I]and P is the smallest common multiplier
of the numbers |is],. .., [iy|, if b; is contained in C' € A" for some j € [Q)],
then b; = ¢c.

Since we cut the corresponding elements of Ap into two by their fixed
points, it follows that the elements of G can only contain a breaking point
b; as a boundary point. O
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To associate a GDIFS to F, we need a directed graph G = {V,E}. We
already defined the graph-directed sets as the elements of G. Accordingly, we
define the set of nodes as V = {1,...,|G|}. For an arbitrary graph directed
set C' € G, let ic € XF be its code and go € V be the node in the graph
representing this set. The set of edges £ is defined the following way

C,C" € G, and f;,(C) € C = (qe,qu) € E.

For an edge e = (gc,q.r) € &, we define the corresponding contraction as
fe = fi.. We call the graph-directed system defined by G = (V,€) and
{fe}ece the associated graph-directed system of F, and we denote it by
Fg. According to Lemma [5.1.1) Fy is always self-similar. We just obtained
the following result.

Theorem 5.1.2. Let F be a CPLIFS with attractor A. If F satisfies As-
sumption |1, then A is the attractor of a self-similar graph directed iterated
function system.

5.2 Fixed points as breaking points

In general, we cannot give a formula for the Hausdorff dimension of the
attractor of a CPLIFS, but we can in some special cases, using the previously
described construction. Here we demonstrate it on the case of CPLIFS F
with the following properties:

1. F is injective,

2. the functions of F have positive slopes,

3. the functions of F can only break at their fixed points,
4. the first cylinder intervals are disjoint.

We construct the associated directed graph, and then we give a recursive
formula for the Hausdorff dimension of these systems.

Let F = {f;}*, be an injective CPLIFS, and let A be its attractor. For
each i € [m], we denote the fixed point of f; with ¢;. We further assume
that the only breaking point of f; is ¢;, for every i € [m]. We call f; and f,,
the maps with the smallest and largest fixed points respectively. Then the
interval I that supports the attractor is defined by ¢; and ¢,,. From now on,
without loss of generality we suppose that ¢; = 0 and ¢, = 1.

Let m = 3, and define the functions of F as follows.
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slope = P slope = P6

) Jope ~ v
“glope = P2 s
— glope = pPa
| L !

gope = P2

=
'©
Jov

slope = P1

0 b2 1 0 G2 [oZ} 1

Figure 5.1: Tllustration of CPLIFSs that we discuss in this section with m = 3
and 4 functions.

fi(z) = pr, fola) = P2z + ¢2(1 — pa), if z € [0, ¢o]
: p3T + ¢a(1l — p3), if z € [, 1]

We require here that py # ps and that F satisfies the first cylinder inter-
vals of the system are disjoint. Clearly, fs only breaks at its fixed point ¢s.
Thanks to this property, all elements of the generated self-similar TFS are
self-mappings of certain intervals. Namely, Sy is a self-map of [0, o] and
Sa9 is a self-map of [@g, 1]. It implies that we can associate a graph-directed
function system with directed graph G = {V, £}, where V = [4] and the edges
are defined by the incidence matrix

1 111
1 100
0011
1111

As we did in we define the following matrix

pi PI PL P
Py p3 00
0 0 p5 p3
P P1 Pi Pi
With the help of Theorem [2.3.9] and the Perron Frobenius Theorem, the
Hausdorff dimension of A equals to the solution of the following equation
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pi—1  pi P P
0=detU® = det | P2 -1 0 0
0 0 p3—1 3
Pi Pi pi o Pi—1
=1—pi — p5 — p5 — pi + Pip5 + P3p3 + P3p5-
Thus the Hausdorff dimension of F is the unique number s that satisfies
the equation

Vi(s) :=1—pi — p5 — p3 — py + pip3 + psp3 + pspi = 0. (5.2)

We call V,(s) the determinant function of F. It is easy to check that
gives back the similarity dimension in the self-similar case (ps = p3), thus it
is a comnsistent extension of the dimension theory of self-similar systems.

In a similar fashion, we write V5, _o(s) for the determinant function of a
CPLIFS with m > 3 functions and Uz(zi_g for the corresponding matrix (the
matrix of the associated GDIFS minus the appropriate dimensional identity
matrix), to keep track of the number of different slopes as parameters in the
notation. For instance, if m = 4, then

=1 P o P P
ps  py—1 0 0 0 0
s s 0 0 ps -1 ps ps ps
¢ )_ O . . 8 S 3 3
am=2 6 Py Py Pa pp—1 0 0
0 0 0 0 p:—1 ps

P4 P4 PG Pg ps  Pg— 1]

Fixing the slopes pi, ..., pam_2 let us express Vs, _o(s) recursively, since

this way the determinant of the upper left 2n x 2n block in UQ(Z)FQ equals to
Uan(s) for each 0 < n < m — 1. After expanding the determinant of Uz(f.,)h2
by the second row from below we obtain the following formula

2m—4

Vam—2(8) = (1 = P32 = Pom—3) Vam—a(5) + P s Z 1) Vam—a,4(s), (5.3)

where Va,,_4,(s) is the determinant of the matrix obtained by erasing the
i-th column of U2(274 and then adding the first (2m — 4) elements of the last
column of U2m 5 as a column vector from the right. For example, Vj » is the
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determinant of the following matrix
pi—1 pi P P
05 0 0 0
0 p—=1 p3 p3
Pi P pi—1 0

If we calculate Va,,—2,(s) by expanding the corresponding determinant by
the second from the last row, it is easy to see that depending on ¢ € [2m — 2]
we obtain the following values

Vmezi(S) =
(1 — p5,_0)Vom—ai(s), @€ [2m —4]
= Pm—s(L = p3_2)Vom-a(s), i=2m—3
pgm—Q(252;4(_1)j‘/2m—4,j(8) - pgm—3‘/2m—4(3)), 1=2m — 2.
(5.4)

By using (5.3) and (5.4) we can construct Vs, o(s) for any m > 3. That
is, with this recursive algorithm we can calculate the Hausdorff dimension

of any CPLIFS that satisfies the IOSC if its functions only break at their
respective fixed points.
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Chapter 6

Continuity of the natural
dimension

The main goal of this chapter is to prove results on the dependency of the
natural pressure on the parameters of a CPLIFS. We managed to show that
the natural dimension of a CPLIFS changes continuously if its generated
self-similar IFS has no exact overlappings [17].

We want to show that the natural dimension of a given CPLIFS does not
change too much if we perturb its parameters. To do this, we need to define
what we mean by two CPLIFSs being close to each other.

-~

Definition 6.0.1. Let [c,d],[c,d] C R be two closed intervals. We say that
they are e-close if R
lc—¢l <eand|d—d| <e.

We say that the finite partitions Y = {Y1,..., Yy} and Y= {}71, o ,?N} are
e-close to each other if for all j € [N],Y; and Y; are e-close.

Definition 6.0.2. We say that the CPLIFSs F = {f,}", and F = {f,}7,
are e-close if

(a) their monotonicity partitions are e-close,

(b) Vk € [m]: fr and i has the same number of breaking points,
(c) Vk € [m],vj € (k)] - [log | ;| —log | Fy | <<,

() Wk € [m]: [[fi = fllo <=
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Theorem 6.0.3. Let F be a CPLIFS with generated self-similar IFS S.
Suppose that S has no ezact overlapping. Then for every € > 0 there exists
a 0 > 0 such that for all CPLIFS F which is 6-close to F

jsr—s7l <e,

where sy and sz are the natural dimensions of F and F respectively.

As an application of Theorem [6.0.3] in section we prove that under
mild conditions the Lebesgue measure of the attractor of a CPLIFS is typic-
ally positive if the natural dimension is strictly bigger than 1.

First, we give an example demonstrating that the natural dimension is
not necessarily continuous with respect to the parameters of a CPLIFS.

Example 6.0.4. Pick an arbitrary € > 0, and let us define the following
piecewise linear functions.

2

ﬁm:{?$<0 folw) = 5o, Bla)=gr+e

5x,$20’ 3

Consider the CPLIFSs F = {f1, fa} and F= {fl,fAz}. Write A,K for the
attractors and ®(s), (/IS<S) for the natural pressure functions of F and F re-
spectively. These two iterated function systems are Clearly e-close to each
other (see Definition [6.0.9).

It is easy to see that A s a_Cantor set. Since F satisfies the strong
separation property, Sna = dimyg A is the unique solution of

1\° 1\°
5) <) -

As 0 s the fixed point of both fi and fs, the supporting interval I of F
is [—%, %] The slope of f1 is strictly bigger than % over [—%,0], S0 Spap 18
expected to be strictly bigger than Sya;.

Set 3 = {1,2}", and let #5(7) be the number of 2-s in 7 € ¥. Observe
that for any 1 € X the length of I; only depends on #5(2) and not on the
position of the 2-s. A short calculation gives

N\""2ky1
|| = (5) W if #2(1) = k.
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The natural pressure function of]? 8

<I>( ) = hmsup—log Z |I]° = limsup — logz Z 1I]° =

n—oo IED: n—roo k=0 €D

|| [e]=n and #2 (7)=k

s(n—k) k s s s
1 2"+ 1 1 1
i3 () G) (55 ~es(() < ()

Thus, Spat < Snat independently of €.

6.1 Results on continuity

Let F = {fi}7>,; be a CPLIFS. Recall that the critical points of F were
defined as

K —UZ‘l{fk }UU 1Ug 1fl<: bkza)U
{2 € Z|3ky, ks € [m], Fj1 € [z(kl)],ah € [l(ko)], ky # ko = il () = fi, b (0)

We call K™ C K the set of inner critical points if it contains all critical
points of F that are interior points of Z = U™ fx.(I).

For technical reasons, we will need to differentiate the endpoints of the
monotonicity intervals. As neighbouring intervals share a common endpoint,
we introduce a new topological space, where some points of the line are
doubled. We repeat the definition of the doubled points topology from Sec-
tion but this time we use the general setting.

Let Zy be the monotonicity partition of F, and let ) be a finite refinement
of Zy. Now write I = [u,v] for the supporting interval of F, and define

E :={infY,supY : Y € Y}, W := (G T(E\ {u,v})) \ {u, v},

where T71(A) is the preimage of the set A C R by the multi-valued mapping
T. Observe that E = K for Y = Z,, thus we can say that E takes the role
of the set of critical points for finite refinements of Z,. We define Ry :=
R\WU{z",2" : 2 € W}, and set the order y < 2~ <zT < zify <z <z
holds in R.

In our new set Ry, which is not a subset of R, the endpoints of the elements
of Y and their preimages by 7" are doubled. Now we define a metric on Ry.
Following [23], for y, z € Ry with y < z let,

n(y,z) :== min{kz‘ﬂxe UT‘j(E\{u,v}) cy <t and x” <z}

keNg
=0
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if such a k exists, and set n(y, z) := oo otherwise. Further define

dist(y, z) := IT(y) — 7(2)| + —n(y;)ﬂ, if n(y,z) < oo
T — m(z)|, otherwise.

This gives rise to a metric dist(y, z) on Ry which induces the order topology.
We define the projection 7 : Ry — R as

m(y) =z if eithery =z € Rory € {x,z"}.
This mapping not just connects Ry to R, but also preserves the ordering
y,2€ERy:y<z = 7w(y) <mz), ory=a,z=xa" forz € W.

Later it will be useful to jump from one doubled copy to another, so we define
the function ¢ : 7= 1 (W) — 7= 1(W)

reW:((z")=2",((z7)=2".
For convenience, we extend this map to Ry by setting
((x) =z for x € Ry \ 7 (W).

From now on, we will work on the topological space Ry endowed with the
order topology. So far we defined every set on R, hence we need to define
their counterparts on Ry. Let Zy be the closure of Z\ W in Ry. Observe
that Zy is compact. We define

Ey :={r €Ry: :w(zx) € E}ﬂIy.

We emphasize that taking the intersection with Zy, is important, as we are
only interested in the endpoints of the monotonicity intervals and not the
endpoints of the possible gaps between them.

We write N := |Y| for the cardinality of ) and Ey = {a4,...,asn} with
a; < --- < agy. The multi-valued mapping T|I\WuE uniquely extends on
Ry to a mapping Ty. Similarly, let Xy and ICif,1t denote the set of critical
points and inner critical points of T} respectively. We will supress naming
the partition in the lower indices when ) = Z,,.

Now we define a directed graph (G, —), different from the Markov dia-
gram, that describes the orbit of the elements of Ey. For ¢ € [2N] let

w(i) == {7 = ((k1,51), - (kn, )+ fi (@) € Ty}
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Note that w(i) contains the empty word () for all i € [2N], as a; € Zy for all
a; € BEy. If 7 € w(i), then 7|; € w(i) as well for all j < [7], where 7|; is the
word consisting of the first j characters of 7. We define

Vi € 2N, Vi € w(i) : aiz = [ (as).

Set G :={a;;:a; € Ky,1 € w(i)}. For a,b € G, there is an edge a —; b
in the graph (G, —) if and only if b = f,;jl(a) or ((b) = f,;;(a). We write
a — b if there exists an edge a —; b for some k € [m] and j € [I(k)].
Observe that this graph does not depend on the partition ). We call (G, —)
the orbit graph of critical points of F.

Following Definition [4.1.6] we associate the matrix G(s), indexed by the
elements of G, to the graph (G, —)

[G’(S)] = Z(kvj):a*)(h”b |fk,]| 9 lf a — b (61)
@b 0, otherwise.

As (G(s))™ is always bounded in the {*°-norm, we can define

0(G(s)) = lim [[(G(s))"[|2".

n—00

The following technical lemma will be useful later.

Lemma 6.1.1. Let F be a CPLIFS with generated self-similar IFS S and
orbit graph (G,—). Let F(s) and G(s) be the matrices associated to the
Markov diagram and the orbit graph respectively. If S does not have exact
overlappings, then

02(G(s)) < o(F(s)). (6.2)

Proof. Fix a path of infinite length dy — ds — ... in (G, —). Let J C N be
the set of indices such that

VieJ: d;e{C(d):deTyd1}.

Note that 7 € .J implies d; € K™, If J = (), then there exists a corresponding
path in (D, —). Namely, the path D; — Dy — ..., where for all i > 1,d; is
an endpoint of D;.

Clearly, (6.2) can fail only if there is a path in (G, —) that has bigger
weight than any constant multiple of the weight of any path in (D, —). It
can only happen if J is an infinite set. As |[K™| < oo, it is equivalent to a
d € K™ having a periodic orbit. However, a periodic orbit in general does

not imply o(G(s)) > o(F(s)).
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The elements of K™ fall into three categories: images of breaking points,
crossing points, and endpoints of overlapping first cylinders. It is easy to see
that o(G(s)) > o(F(s)) can only happen if the following is satisfied

3d € K™, 3k € [m], 3j;, 4. €[l(k) + 1] : (6.3)
fid(d) = fi i (d), and 3d —, -+ — d path in (G, —).

That is we must have a d € K™ which is an image of a breaking point and
has a periodic orbit starting with the right branch.

Assume now that there exists a d € K™ and branches (k, j;), (k, j.) sat-
istying (6.3)). It follows that for some n > 0

3o = ((k1,51)s - -5 (K, Jn)) = Sai gy (d) = d. (6.4)

Since 8 = {Sk; brepm,jeue) 1s a self-similar IFS, implies exact overlap-
pings in the system. Namely, the functions Sy jyak,;,) and Sk j.)ak,;) are
identical.

O

6.1.1 Continuity of the Markov diagram

Let F be a CPLIFS with associated multi-valued mapping 7" and monoton-
icity partition Zy. Let ) be a finite refinement of Z; and (D,—) be the
Markov diagram of F with respect to ). We define

M = {(i,7) : i € 2N],7 € w(i)},

and M, := {(i,7) € M : |7| < r} for r € No. P. Raith |23, p 108| proved
that we can think of the Markov diagram as the image of M under a spe-
cial mapping. While [23] only investigates the case when T is an expansive
mapping of the line and not multi-valued, the mapping A constructed in the
proof works in our case as well, since we differentiate between the images
generated by the different branches.

Lemma 6.1.2. There exists a mapping A : M — D with the following
properties.

(a) A(M) =D and A(M,) =D, for all r € Ny.
(b) a; is an endpoint of A(i, D) for all i € [2N].
(c) aiz is an endpoint of A(i,7) for all (i,7) € M.
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(d) Let k € [m] and j € [l(k)]. We introduce a graph structure on M
such that ¢ =, ;) d in M implies A(c) —uj;) A(d) in D. For every
c € M the map A is bijective from {d € M : ¢ = ) d} to {D € D:
A(€) =) D}

(e) c € M, implies the existence of a d € M, with A(c) C A(d) and either
A(c) = [ag, ac] or A(c) = [ac, aq.

This map A will be surjective, but need not be injective. A C' € D can
be represented by multiple elements of M. It implies that there might be
several subsets in M whose image under A is D. Each of them can take the
role of the Markov diagram if they satisfy the following definition.

Definition 6.1.3. (A, —) is called a vartant of the Markov diagram
of F with respect to Y if A C M satisfies the following properties for all
k€ [m] and j € [I(k)].

a) Fori e [2N] and 1 € w(i), (i,7) € A implies (1,7|;) € A for all j < [7].
j
(b) c,de€ A and c = d in M imply ¢ = j) d in A.

(c) ¢,d € A and ¢ =@y d in A imply either ¢ —q. ;) d in M or there
exists a dy € M\ A with ¢ = ;) do and A(d) = A(dy).

(d) Force Athemap A:{d€ A:c—u; d} = {D eD: Alc) =u; D}
15 bijective.
(e) A(ANM,) =D, forr e N,.
Observe that (M, —) and (D, —) are also variants of the Markov diagram
of F with respect to ). For r € Ny set A, := AN M,.
Let (A, —) be a variant of the Markov diagram. We write F4(s) for the

matrix associated to (A, —), and define it analogously to The following
lemma is a straightforward consequence of Definition [6.1.3]

Lemma 6.1.4. Let F be a CLPIFS, and let Y be a finite refinement of its
monotonicity partition Zy. Let (A, —), (A', =) be two variants of the Markov
diagram of F with respect to Y. Then

o(F*(s)) = o(F* (s)).

Remark 6.1.5. Let (A, —) be a variant of the Markov diagram, and fix € >
0. Assume that there exists a finite irreducible C C D such that o(Fe(s)) >
o(F(s)) —e. Then obviously 3r : C C D,, and by part v) of Definition [6.1.5,

3C c A, such that Q(F?(s)) > o(F(s)) —e.
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Raith proved [23, Lemma 6] that if two systems are close to each other,
then the initial parts of their Markov diagrams coincide. Our systems has
a more complicated structure due to the possible overlappings, but the con-
struction given in his proof works here also.

Let Y = {Y1,...,Yn} be a finite partition. For 1 < i < N, we say that
C CRisY-closeto V;if C CY;,_ 1 UY;UY,,;.

Lemma 6.1.6 (|23, Lemma 6]). Let F be a CLPIFS, and let Y be a finite
refinement of its monotonicity partition. Then for every r € N there exists
a 6 > 0 such that for every CPLIFS F which is 0-close to F and for every
finite refinement Y of Zy which is d-close to Y, there ezists a variant (A, —)
of the Markov diagram of F with respect to Y and a variant (.Z, —) of the
Markov diagram of]? with respect to )7 with the following properties.

(i) J@ can be written as a disjoint union By U By U By, such that By U By
and By are closed in A, and Ay C By (B1 and By might be empty).

(ii) Everyc e ./2‘.\7- has at most two successors in By U By by a given branch.

(iii) There ezists a bijective function ¢ : A, — By, and there exists a func-

tion ¢ : By — G.

(iv) For c,d € A, and k € [m],j € [I(k)] the property ¢ —q. ;) d in A is
equivalent to ¢(c) =) ¢(d) in A. Forc,d € By the property c — ;) d
in A implies 1(c) —au ;) ¥(d) in G.

(v) A(c) =Y for c € Ay implies ¢(c) € Ay and A(¢(c)) =

S0

(vi) c€ A, and A(c) C A(d) for ad € Ay imply 121\(¢(c)) C A\((ﬁ(d)) ce By
and ¥(c) € A(d) for a d € Ay imply A(c) is Y -close to A(¢(d)).

(vii) Let P be the set of all paths co — ¢y — -+ — ¢, of length r in A, with
co € Ao, and set N := {(dy,....d,) :dj € A, UG for j €{0,...,7}}.
Then there exists a function x : P — N.

(viii) Let co > ¢4 — -+ = ¢ € P,x(co > 1 — -+ = ¢) = (do,...,d,)
and j € {0,1...,1r}. ¢; € By is equivalent to d; € G, and we have then
U(e;) = dj. ¢; € By implies ¢(d;) = ¢;. ¢; € By U By implies A(c;) is
Y-close to g(gzﬁ(d])) Moreover, c; € By U By implies dj_; — d; in A
for j > 1.
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(ix) For a fized co € Ay, a fized (do,...,d.) € N and for a fized sequence of
branches (ki,j1), - .., (kr, j.) there are at most 2r+1 different paths ¢ :=
CoO —F(kojo) " (kv Cr € P such that x(c) = (do,...,d,). Further,
for ¢ € {0,1,...,r — 1} and fized do,d,,...,d, € A. NG there are at
most 4 different a € G such that there exists dgio,dgys, ..., d, € AUG
with (do,dy, ..., dg,a,dgs2,dgyss, ..., dy) € X(P).

In [23] a constructive proof is given. The same construction also works
in our case. Note that in contrast with [23], our 7" is multi-valued, this is
why we have to specify which branches we use in parts (i) and (iz). As
this construction is very long, technical and presents nothing new we omit
to repeat it here.

Instead, we give a general explanation on the statements to help build-
ing intuition on the structure of the Markocv diagrams. Using the lemma’s
notations, it states that for any big integer r € N we can find a small num-
ber 6 > 0 such that the r-th level of the variants A, and A, have similar
structures, given that F and F are d-close to each other.

Namely, A, contains a bijective copy of A, which we denote by By. Ac-
cording to (iv), there is a one-to-one correspondence between the edges of
(A,,—) and (By,—). As (v) and (vi) implies, the same relation is present
between the intervals corresponding to the elements of A, and By. That is,
a big initial part of the diagram of F is contained in the diagram of F.

Assume that F has an inner critical point with a periodic orbit. Since
perturbing the parameters of the original IF'S may result in destroying this
periodic orbit, we cannot expect F to share the same Markov diagram with
JF, which is a representation of the orbit structure of these dynamical systems.
In this case A, \ By is non-empty, this is the set we call By U Bs.

Let d € /TT \ By be a code which appears in the variant JIT but isn’t
included in A,. It must code the successor of a point that is mapped onto
an a; € Ey by the expansive mapping T, for some [ € [2N]. Critical points
have assigned codes, q; is already coded by (I,0), that is why d is not in A,..

If a € Ky, then d € B,. By the definition of the orbit graph of critical
points (G, —), we can relate the elements of By to the nodes of G. It also
suggests that (By, —) is a closed subgraph of (A,, —).

If a € Ey \ Ky, then we say d € B;. These points move along with the
endpoint of an element of the partition ). Since this endpoint is not a critical
point, we can always find an element of By which is mapped onto the same
monotonicity interval by A, according to the last two lines of (viii).
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6.1.2 Continuity of the natural dimension

We prove here that the natural dimension of a limit-irreducible CPLIFS is
always lower semi-continuous, and we give a condition for its upper semi-
continuity as well. The proofs follow the lines of the proof of [23, Theorem 1|
and [23, Theorem 2| respectively.
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Theorem 6.1.7. Let F be a limit-irreducible CPLIFS with attractor A, and
let s € (0,dimy A). Then for every € > 0 there exists a § > 0 such that for

all CPLIFS F which is §-close to F
D(s) — e < B(s),

where ®(s) and @(s) stand for the natural pressure function of F and F
respectively.

Proof. Let ) be the limit-irreducible partition of F, and let (D,—) be the
Markov diagram of F with respect to V.
Fix e > 0 and write K for the maximum number of overlapping branches.
By Proposition [4.2.1] there exists a C C D finite subset such that
o(F(s)) — 5 < o(Fc(s)), (6.5)
where F(s) is the matrix associated to the Markov diagram. As C is finite

it must be contained in D, for some r > 1. By Lemma [6.1.6] there exists a
J € (0, % 55 ) such that the conclusions of Lemma are true with respect
tor 1f]-" is d-close to F.

Let Zo be the monotonicity partition of F and Y be a finite refinement of
Z, which is d-close to V. Let (A, —), (A —) be the variants of the Markov
diagram of F, F with repsect to ) and y respectively, obtained by applying

Lemma [6.1.6]
By (6.5) and Remark there exists a C C A, such that

®(s) — e = log o(F(s)) — ¢ < log o(Fz (s)) — (6.6)

DO ™

where the first equality follows from Corollary [4.2.4]
We write p and p for the slopes of the functions of F and F respectively.
Consider the matrix F e )( s), where ¢ : A, — A, is the mapping described

in Lemma 6.1.6] As F and F are d-close, for any k € [m] and j € [I(k)] we
have

log pi.,; — 6 < log pi ;-
Using that every entry in FZ'(s) is a sum of at most K many elements of the
form pj ;, by parts (iv), (v) and (vi) of Lemma we have the following
relation between the elements of f‘g‘(c)(s) and FZ4(s).

Ve,d € C: [f‘f(c)(s)} > exp 2 [FZ(s)]

6.7
b(c),¢(d) (6.7

c,d’
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since ¢ is smaller than
the proof

5 By (6.6), and Lemma we conclude

o~

®(s) — ¢ < log o(FA(s)) — = < log o(F7e)(5)) = ye(s) < B(s).

Do M

]

Theorem 6.1.8. Let F be a limit-irreducible CPLIFS with attractor A, and
let G(s) be the matriz defined in (6.1). Fiz an arbitrary s € (0,dimy A).
Then for every € > 0 there exists a 6 > 0 such that for all CPLIFS F which
are 0-close to F

®(s) < max{®(s),log o(G(s))} + e,
where ®(s) and @(s) stand for the natural pressure function of F and F
respectively.
The proof is analogous to the proof of [23, Theorem 2|.

Proof. Let Y be the limit-irreducible partition of F, and let (D, —) be the
Markov diagram of F with respect to ).

Fix ¢ > 0 and write K for the maximum number of overlapping branches.
We define the value

Ry = exp (max {®(s),log o(G(s))} + ).
As Ry > e2 max {¢®®), o(G(s))}, we can choose an
R e (e% max {e‘b(s), 0(G(s))} . Ro) -

It follows that e 2R > 0(G(s)) and e" 3R > ¢®*). By Lemma and
Corollary it also follows that for any (A, —) variant of the Markov
diagram of F with respect to )/, we have e 2R > o(FA(s)).

By Gelfand’s formula, for any bounded linear operator M the spectral
radius satisfies o(M) = inf,>1 |M?"||+. Thus, there exists a C' € R such that

sup e%”R_”HG(S)"H <C, (6.8)

neN

and for every (A, —) variant of the Markov diagram of F with respect to )
sup e2"R"||[F4(s)"|| < C. (6.9)

neN

We may assume that

C 2 max {2, 8Kr71€%Rilpi1ax} )
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where pmax = MaXpepm) jeik)] |Pk,j] is the biggest slope of the functions in F
in absolute value. Fix an r € N with

v (r+1)2C3R < R,y.

By Lemma (6.1.6, there exists a § € (0, 5) such that the conclusions of
Lemma are true with respect to r if F is o-close to F.
__ Let Zy be the monotonicity partition of F and )A/ be a finite refinement of
2y which is 0-close to Y. Let (A, —), (A, —) be the variants of the Markov
diagram of F, F with repsect to ) and y respectively, obtained by applying
Lemma

Like in the proof of Theorem we write p and p for the slope of
the functions of F and F respectively. Let ¢ : A, — .Zr be the bijective
mapping described in Lemma As F and F are d-close, for any k € [m)]
and j € [I(k)] we have

~ €
log prj < log prj +0 < log pirj + 5. (6.10)
Let P. be the set of all paths co —(kgj0) €1 (k1 1) ***° 7 (kror,jr_1) Cr OF

length 7 in ﬁr with ¢g = ¢. To prove the statement of the theorem, it is
enough to give an upper bound on the sum of the weights of paths of length
r in A, starting at the same node, since

(o))" < IF(s) oo = B4 (5) (6.11)
r—1
= SU.P Z H |ﬁkn7jn|s7
c€Ap P. n=0

where the sum is taken over all paths co — kg jo) €1 —(k11) *** > (kyr_1,jo1) Cr
in P,.

Fix ¢ € Ap. Then by (i) and (iii) of Lemma m there exists a unique
d € Ay with ¢(d) = ¢. Using the notation of Lemma , we write A, =
By U By U By such that By U By and By are closed in A,. Then, we can
partition the paths in P, based on the index of the last node in By U B;. For
q € {0,1...,r}, let P.(q) be the set of all paths ¢¢g = ¢; — -+ = ¢, € P,
with ¢ = max{j € {0,1...,7}:¢; € ByUB;}. Thus P. = U,_;P.(q). Define

for g € {0,1...,r}
r—1

Pe(q) n=0
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Writing H. := ), _, Hc(q), we can reformulate (6.11]) as

(o(F(s)))" < sup H. (6.12)
662%
Let ¢ € {0,1,...,7}. If € := o =(koo) 1 —P(hrjn) *** —F(kv1rjr1) Cr €

Pcc) and (do,ds,...,d,) = x(c), then (i) and (viii) of Lemma give
dj € A, for all j < ¢q, dy = d and d; € G for all j > ¢q. Hence if ¢ > 1,
then do —(xojo) A1 —>(k1.j1) *** —(ky_1,js_1) dg i @ path of length ¢ in A, with
dy = d. Moreover, (viii) of Lemma also guarantees that A\(cj) is Y-close
to A(¢(d;)) for all j € {0,1,...,¢}. Thus by

qg—1 qg—1
[Lesl < e [[lpesl ifa>1
n=0 n=0

If ¢ < r—2, then by (iv), (vi) and (viii) of Lemma [6.1.6] the path
dq+1 P (hgrrgarn) T T keo1de) d, is of length r — ¢ — 1 in G, and A(cj) is
Y-close to A(¢(d ) for all j € {g+1,¢+2,...,7}, where d; € A, satisfies
d; € A(d;). Hence (6.10) gives

r—1 r—1
I 1kl < e T ok’ ifg<r—2.

n=q+1 n=q+1

We apply (ix) of Lemma to obtain for 1 < g <r —2

q—1 r—1
He(q) < K™ ' (2r +1)e3* > kol T 100w ial® TT 100 l®
(do,da,...,dr)EX(Pe(q)) n=0 n=g+1
q—1
< K™'8e 8 (r+1) > | J R
d:doﬁ(ko,m)'"H(kq711571)dq n=0

r—q—2

sup 2. 11 lor.s.I

acg . _ .
aoia_}(kOﬂjO) _>(k'r—q72¢j7‘fq72)a’r_q_1 n=0

Keep in mind that according to (ix) of Lemma [6.1.6] at most 2r + 1 paths
has the same image by X, but only if they use the same edges. Due to the
possible overlappings in F and F, there might be parallel edges in the Markov
diagrams, so it is possible that we can walk the same path using completely
different edges. That is why we need the K”~! multiplier.
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Recall that C' > 8K""'ez" R~'p’, . By and we obtain
H.(q) <CR(r+1)CRICR™ "' = (r + 1)C®R".

Similarly, the same bound holds for the remaining three values of ¢

r—2
H,(0) < K™'8e3" pj (r + 1) | sup > 11 1es.5.1°
€9 0= ) iy g 311 M0
<CR(r+1)CR7'<(r+1)C°R,
r—2
Hy(r—1) < K™ '8e5p2 (r+1) > T 1ok l?
d=do = (kg.jo) " (ky iy o) dr—1 n=0

< CR(r+1)CR™ < (r + )C®R",

r—1
H,(r) < K"'2e2* (r + 1) > [T 1ok

d=do—(kg,j0) """ (kp_13p_1) @ 7=0

<C(r+1)CR < (r+1)C°R".
Thus, H. = Y0 _ He(q) < (r+1)?C®R" for all ¢ € Ay. Then (6.12) gives

o(F(s)) < /(r + 1)2C3 - R < Ry. (6.13)
We conclude the proof by combining (6.13) with Lemma [4.1.§]
d(s) < log o(F(s)) < log Ry = max{®(s),log o(G(s))} +¢.
[

We have seen in Lemma that a CPLIFS with no exact overlapping
is limit-irreducible. Therefore, as a consequence of Theorem [6.1.7] Theorem

and Lemma Theorem follows.

Remark 6.1.9. By the proof of Lemma[6.1.1), it also follows that the natural
dimension of a CPLIFS changes continuously with respect to its parameters
if the critical points, which are breaking point images, does not have periodic
orbits.

That is the natural dimension of a CPLIFS F changes continuously with
respect to the parameters that define F (breaking points, slopes of func-
tions, translation parameters) if there are no exact overlappings. This result
combined with Theorem yields an analogous result on the Hausdorff
dimension of the attractor.
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Remark 6.1.10. Let F be a CPLIFS whose generated self-similar I[FS sat-
isfies the ESC. Fix an arbitrary € > 0, and let P be the property that the
CPLIFS F' satisfies R

’ dimyg A — dimpyg A’ <eg,

where A and A are the attractors of F and F respectively.
Then there exists a & > 0 such that B is a dimp-typical property of
CPLIFSs that are d-close to F.

6.2 Lebesgue measure of the attractor

Theorem 6.2.1. Fiz a type £ and a vector of slopes p € RE. If all elements
of p are positive, then for LY ™-almost every (b,T) € B x R™

Storp) > 1 = L(ACT)) >0, (6.14)

where .z and AP are the natural dimension and attractor of the con-
tinuous piecewise linear iterated function system defined by the parameters

(b,7,p).

Proof. Let Eggc C B¢ x R™ be the set of parameters for which the generated
self-similar IFS S(®7#) satisfies the ESC. Hochman proved [9, Theorem 1.10]
that

£L+m(%£ x R™ \ EESC) = 0.

Thus it is enough to focus on the elements of Fgsc. Fix an arbitrary (b, 7) €
Fgsc and assume that s, > 1. Set € := (I)(bmp)(l). The natural pressure
function is strictly decreasing, and s+ ) > 1, hence € > 0.

Since our parameter space B¢ x R™ c R™ is g-compact, it suffices
to show that holds for £I*™-almost every element of a well defined
open neighbourhood around any point (b,7) € B¢ x R™. As a CPLIFS
whose generated self-similar IF'S satisfies the ESC is always limit-irreducible,
according to Theorem [6.1.7} there exists a B((b,7),d) C B¢ x R™ open ball
around (b, 7) of radius  such that for all (b,7) € B((b,), )

Vs € [O, S(b,r,p)) : (I)(b’,-yp)<8) —e < (I)(E,?,p)(s)'

It follows that R
V(b,7) € B((b,T1),0) : Serp) > 1.

)
Write ¢~ for the vector of translations of S®7) By [15, Theorem 1],
for £L¥t™-almost every tes € RE+™ the assertion of the theorem holds for
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S®7#) Then by Claim , L™ _almost every (b,7) € B((b,T), ) satisfies
(6.14). As (b,7) was arbitrary, the assertion of the theorem follows.
O
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