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Self-similar IF'S CPLIFS
S ={S1,S52,S53} F =A{f1,f2, f3}



The Main Result

For FREKREIAIEONGHIER] CPLIFS 7

(1) dimg A = dimg A = min {1, s”}.

. the packing
dimension of the parameters of the exceptional CPLIFS is less than
the dimension of the parameter space.



Introduction and Notations



An lterated Function System (IFS) F = {fi},; on the line is a
finite list of strict contractions on R.

The [attractor A of the IFS F is the unique non-empty compact
set

(2) A= U fi(A).
k=1
By iterating formula (2), one obtains

3) A= U fuald),

Here we used the common notation f;, ; = fj,0---0 f; .



Let [T be the smallest non-empty compact interval such that

-for all i e [m] :={1,...,m}.
(4) A = ﬂ | U Ly iy

where I;, ;= f;, i (I) are the cylinder intervals.
Thus these intervals form a natural cover of the attractor.



The natural dimension

1
b(s) :=li —1 L i ]
(5) (s) := limsup — ogg; iy
It is easy to see that we can obtain ®(s) above as a special case of
the introduced by
Barreira in [1, p. 5]. We call the unique zero of this function the

of F.

(6) s7 = (2)71(0).



The natural pressure function

log m e

P(s) = limsup%log oLl

n—00 .
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The Hausdorff dimension
The t-dimensional Hausdorff measure of the attractor is
o0
(7) Ht(A) Z(lsl_I)I(I) {lﬂf{Z?lAzF ACZ:LJIAZ, ‘Az| <5}},

where the infimum is taken over all {A;} covers.

The [Hausdorff dimension| of A is defined as

(8) dimgA =inf{t: H'(A) = 0} = sup{t : H'(A) = o0}.



Barreira [1] also showed that

(9) dimg A < dimgA < min {1,s"} .

Under what condition do we have equality?



Self-similar IFS

If our iterated function system is of the form
F={filz) =m -z +t}

then F is called [selfssimilar. In this case

1 m
10)  ®(s) =1 —1 it =1
(10)  ®(s) = limsup —log ) [ri, 7| og;h"l

11...0p

(11) O(s") =0 ST || =1.

Hence 7 is the BABIAERSIN



The distance of two similarity mappings ¢;(z) = rix + 7 and
go() = rox + 19, 11,12 € (—1,1)\ {0}, on R.

: _ =l o=
(12) sl (g, gl 0= { 00, otherwise.
Given a self-similar IFS F = {f;}_, on R. We say that F satisfies

and a strictly increasing sequence of natural numbers {n;},~, such
that

dist (f7, f3) = ¢™ for all £ and for all 2,7¢€ {1,..., M}, 7 #7.



Self-similar IFS 2

Hochman [2] proved that for any self-similar IFS on the line
that satisfies the ESC we have

dimyg A = min{l,s]:} :

We managed to extend this result to CPLIFS, with the help of
Markov diagrams.



Proof of the Main Theorem



F_ >
I = [u,v] o0 & Q:L,
‘S]O _ — p‘21 /,
/‘{/ 3 ‘l
: ‘ px/
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gope = P :
<, Jaa oo by, o,
ur J171 021 022 )i '

F = {febizr 7= fi(0),
[(k) is the number of breaking
points of fy:

{be1,- - byr) }-

Jii are the intervals of
linearity.

£=(l(1),...,l(m)) is

the type of F



Fix a type £ = (I(1),...,l(m)) and a vector of contractions
pe (=1, )\{0})**™. We write b, 7 for the vector of breaking
points and translations, respectively.

Let 1 be a property that makes sense for every CPLIFS, and
consider the exceptional set

(13) Ef =: {(6,7') e REF™ . FOT0) does not have property ‘B} :

We say that |FrOperyIRGIASIRREpIcally] if for all type ¢ and

for all contraction vector p we have

14 dimp Ef < L +m .
(14) ¢



For » CPLIFS 7 the EeieiaiedRaSmIBAIES

SF = {Ski(®) = pra® + Ui} pepmyicnn +1]

consists of those similarity mappings on R whose graph coincide
with the graph of fi for some k € [m] on some interval of linearity

J]m' of fk

Skilg, = feln, , Yk e [m],ie [I(k) + 1]



The generated self-similar [FS

b21 b2i711 b31



[5, Fact 4.1] provides a connection between the translation
parameters of a CPLIFS and its generated self-similar IFS.

Lemma 2.1
Let F be a CPLIFS, and let Sy be the generated self-similar IFS.

As earlier, let t be the translation vector of Sz, and write b, T for
the vector of breaking points and translations, respectively.

There is » [ORSEUBAIESABRTSIOMRERA I vhich depends

only on p such that
F,(b,T) =t.



Fix a vector of contractions 7 := (r1,...,7ra7) € ((—1,1)\ {0})*.
Forat:= (t1,...,ty) € RM we consider the self-similar IFS
associated to the vector of translations ¢:

St = {Sk(z) = ez + tk}]k\il :

Theorem 2.2 (Hochman [3, Theorem 1.10])

(15)  dimp {t e RM : S* does not satisfy the ESC } =M - 1.



Lemma 2.1 and Theorem 2.2 together imply that our main result
follows from the next theorem.

Theorem 2.3 (Simon, Raith, P.)

Let F be a CPLIFS with generated self-similar system Sr and
attractor A. If S satisfies the ESC, then

(16) dimg A = dimg A = min {1, s”} .



Markov diagrams



Let Iy := fi(1) and Z = U}, 1. We define the

(17) T:Z-PPU)), T(y):={zel: filz) =y}l

For k € [m],j € [l(k) + 1], we define f;; : Ji;j — I} as the unige
linear function that satisfies fi(x) = fi;(z), Vo € Jy ;.



We call the expansive linear functions

Vke[m],Vje[l(k)+1]: fil

the [branches of 7.
We define the _ as

K= O {£x0), £} | v o8 Arlon) |
{2 € T|3k1, kg € [m], 3j1 € [I(k1)], 3j2 € [I(k2)] = fr, ), (2) = fi,}, (%)} -



We call the partition of Z into closed intervals defined by the set of

critical points /C the _ of F. We call its

That is, above monotonicity intervals T" is always linear, and
branches can only take the same value at the boundary.



The associated multi-valued mapping

fs

f2

h

bi1

b3.1 ba 1

b32
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Jia
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Let Z € Z,. We say that D is a [SUEEESSOF of Z and we write
7 — Dif

(18) 1Z0e 20, 2'€eT(Z): D = Zyn Z'.
Further, we write Z —;.; D if
3Zye Zy: D = Zyn fi(2).

The set of successors of Z is denoted by w(Z) := {D|Z — D}.



We say that (D, —) is the

IVESFkoDIBEaIGR RN ESBEEERBIZ] D is the smallst se

containing 2, such that D = w(D) .

We can similarly define the Markov diagram of F with respect to
any finite partition Z| of Z.



One can imagine the Markov diagram as a (potentially infinitely
big) directed graph, with vertex set D.

Between C', D € D, we have a directed edge
C — D if and only if D € w(C'). We call the Markov diagram

lirreducible if there exists a directed path between

Since the functions of a CPLIFS are always continuous on R,



Associated matrix

We define the matrix F(s) := Fp(s) indexed by the elements of D
as

I ifC - D

(19)  [F(s)]op = {Zm oD

0, otherwise.

This matrix is often associated to self-similar graph directed
iterated function systems. When the diagram is finite, our system is
actually a GDIFS.



Let C < D. We write &:(n) for the set of n-length directed paths
in the subgraph (C,—) .

Assume that (C, —) is irreducible. Each path in (C, —) of infinite
length represents a point in the invariant set A¢ < A. We define
the natural pressure of these sets as

. 1 .
(20) Pe(s) = limsup logzk: L[,

where the sum is taken over all k = (ky,...k,) for which
1, (K1, g1)s ooy (Bny gin)) € Ec(n).



As an operator, (Fp(s))" is always bounded in the {*-norm. Thus
we can define

o(Fe(s)) = lim [|(Fe(s))"[120".

Lemma 3.1
Let Cc D. If(C is lirreducible , then
(21) Pe(s) < log o(Fe(s))-

) is lirreducible’and finite, then

(22) Pe(s) = log o(Fe(s))-



Finishing the proof



Proof of Theorem 2.3

To prove Theorem 2.3, we need to approximate the original Markov
diagram with finite subdiagrams.

Since F(s) is always irreducible, according to Seneta’s results [6,
Theorem 1], it can be done if our CPLIFS has the following
property.



We say that the CPLIFS F is [limit-irreducible| if there exists a )V

finite refinement of Z; such that for all s € (0, dimy A] the matrix

We call this finite partition ) a limit-irreducible partition and

(D(Y),—) a limit-irreducible Markov diagram of F. F(),s) is
the matrix associated to this diagram.



Proof of Theorem 2.3 cont.

Proposition 4.1

Let F be a limit-irreducible CPLIFS, and let (D, —) be its
limit-irreducible Markov diagram. For any € > 0 there exists a
C < D finite subset such that

(23) o(F(s)) — e < o(Fe(s)) < o(F(s)),

where F(s) is the matrix associated to (D, —).



Proof of Theorem 2.3 cont.

Choose an arbitrary t € (0, sx). By Lemma 3.1
0 < ®(t) < log o(F(t)).
According to Proposition 4.1

AC < D finite : 0 < log o(F¢(t)) = De(t).



Proof of Theorem 2.3 cont.

Theorem 4.2 (Simon, P. [5, Corollary 7.2])

Let F be a self-similar graph directed IFS with attractor A and
generated self-similar IFS S. If S satisfies the ESC, then

dimp A = min{1, s*} .

It follows, that dimy A¢ = min{s¢, 1}, where s¢ is the unique root
of (I)c(s).



Proof of Theorem 2.3 cont.

s7 > 1 implies dimyAc = 1, for a suitable finite and irreducible
subdiagram (C, —).

s7 < 1 implies s¢ < 1 for all C < D.

(24) 0 < Pe(t) = t < se=dimyAe < dimpy A,

and it holds for any ¢ € (0,s”). Thus s” < dimy A.



ESC and limit-irreducibility



Altough limit-irreducibility is required in the proof, we do not need
to assume that our CPLIFS have this property, as it is already
granted by the ESC.

Lemma 5.1 (F. Hofbauer [4, Corollary 1/ii])

Let F = {fi}i—, be a CPLIFS with Markov diagram (D, —) and
associated matrix ¥ (s). If F(s) can be written in the form

7= |7 3]

such that o(F(s)) > o(S), then [ is limit-irreducible.| Here
P, Q, R, S are appropriate dimensional block matrices.



Lemma 5.1 always applies for systems without overlaps, where all
the entries of F(s) are smaller than 1.

We have to investigate what happens in the overlapping cases, as
multiple edges in (D, —) might yield bigger than 1 entries in the
associated matrix.



Two types of overlaps

VA A

Light overlap Cross overlap



Light overlaps
i)

fk_;jz <A) |
il (A)]

By choosing a finite
refinement of Z; that has
sufficiently small entries, we
can easily avoid having
multiple edges in the diagram.



Cross overlaps

Dominating > 3




Thank you for your attention!
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